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Abstract
The managing agent ANV operates in the Lloyd’s market and writes excess of loss reinsurance (XoL RI)
contracts through its syndicate 1861. The Lloyd’s market operates on a subscription basis. Syndicates
participates in a share of the risk. ANV syndicate 1861 therefore takes a share of the XoL RI contracts
placed in the Lloyds market with other syndicates. In most of the cases ANV syndicate 1861 is a
follower and on a few occasions a lead. XoL RI has the particularity of presenting a few losses and can
also be very volatile. As a consequence, it is hard for underwriters to make a decision on whether to
write them or not. The aim of this work is to build a pricing tool to assist the underwriters in their
decision making.
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Résumé
L’assureur ANV opère au sein du marché de la Lloyd’s et souscrit des contrats de réassurance nonproportionnelles de type XoL au travers son syndicat 1861. Les syndicats se partagent chaque risque
au sein du marché de la Lloyd’s. Ainsi le syndicat 1861 d’ANV souscrit des portions de contrat de
réassurance XoL. Dans la plupart des cas ANV est dans la position de suiveur and dans certaines
situations en position de leader. Les contrats de réassurance non-proportionnelles de type XoL ont la
particularité d’être très volatile. De ce fait il est difficile pour un souscripteur de prendre une décision
concernant la souscription des risques ou non. Le but de ce travail de mémoire est de construire un
outil d’aide à la décision, qui permet de tarifer les contrats XoL en utilisant des méthodes scientifiques
appliquées aux données des clients et aux conditions du contrat.
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I.

Introduction to the Lloyd’s market
A.

Lloyd’s Brief History

In the 17th century, London's importance as a trade centre led to an increasing demand for ship and
cargo insurance. Edward Lloyd's coffee house became recognised as the place for obtaining marine
insurance and this is where the Lloyd’s that we know today began.
From those beginnings in a coffee house in 1688, Lloyd’s has been a pioneer in insurance and has
grown over 325 years to become the world’s leading market for specialist insurance.
1871 First Lloyd’s Act
The first Lloyd's Act was passed in Parliament incorporating the Society of Lloyd’s as a statutory
corporation for the first time and, making it illegal for anyone not a recognised Lloyd’s underwriting
member to sign his name to a Lloyd’s policy.
1877 The talented visionary
Non-marine policies were introduced to Lloyd’s by Cuthbert Heath, one Lloyd’s most famous and
illustrious members. Throughout this decade and for years to come, Heath would forge a brand new,
highly adventurous path for Lloyd’s, and establish an astonishing presence for the Society in America
and on a global scale.
1905 Risk based pricing
By 1905, non-marine insurance had become embedded in Lloyd‘s. But this period was also noteworthy
as the birth of risk based pricing.
Underwriters Cuthbert Heath and Christopher Head began to collect a wide range of data on Gulf of
Mexico hurricanes, study it in detail, and identify the exact level of risk based on what they’d found.
They did the same for earthquakes – Heath’s Earthquake Book can still be found in Lloyd‘s treasures.
Heath was scrupulous, continuing to bring together a huge wealth of information on any risk he
considered underwriting.
1903 An even more international Lloyd’s
Amidst all this, Heath found time to give delegated authority to Alfred Schroder in Amsterdam to write
insurance on his behalf – the first time such a thing had been done. By the 1930s, Heath had an
international contracts department, delegating to agents in India, New Zealand, Belgium, Denmark
and Norway. In 1930, Heath sent John Cope to Shanghai, Calcutta, Alexandria and Athens; in some
cases, the first agent from London to visit these places. Eventually, Lloyd’s would be licensed to accept
business from more than 200 countries and territories worldwide.
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1923 Harrison’s Folly – and the creation of the Central Fund
The Lloyd’s of today is financially sound – but in addition to this, policyholders have the added security
of knowing that, should an underwriter or syndicate fail and be unable to pay its claims, there is a
central fund to fall back on.
The Central Fund is a fund of last resort. It comes into play if a member has insufficient assets to cover
a claim on an individual basis; in this case, and at the discretion of the Council of Lloyd’s, assets in the
Central Fund can be allocated to cover that member’s liabilities.
The idea for the Central Fund came about after underwriter Stanley Harrison had pursued a complex
motor/credit insurance line and run up debts of over £360,000. He confessed to the Chairman,
Raymond Sturge, who called a meeting, telling underwriters that if Harrison’s debts weren't paid in
full, the name of Lloyd’s ‘will never recover in our lifetime’. For the first time, the principle of mutuality
appeared, the combined members agreeing unanimously to pay a share of the debts proportionate to
their premium income. Shares ranged from £10,000 to eight pence. Sturge described it as an ‘heroic
conclusion’. Harrison’s Folly had laid the foundations for what came to be known as the Central Fund,
which was officially created four years later.
1965 Further international expansion
Lloyd‘s first admitted foreign members, although the far-sighted Cuthbert Heath had proposed
American and French underwriters in the pre-war era.
Around now, the jet age began to change the way business was conducted, and the market rapidly
became more international. Just one example: cover for the Delaware River Port Authority was
brokered in the 1960s at Washington’s Dulles airport – the London broker arriving and leaving on the
same Concorde plane.
There were eye-opening South American risks, too – such as the giant hydroelectric Salto Grande Dam
on the Argentine-Uruguayan border, and the Itaipu dam on the border of Brazil and Paraguay.
1985 An eye to the East
Peter Miller became the first Lloyd’s chairman to visit China. Brokers accompanied him; early
reinsurance included nuclear power stations.
1980s and 1990s Scandal and fraud
At this time, the Society entered the most turbulent and traumatic time in its history, facing up to a
series of problems which would, in time, lead to the birth of the modern, robust and secure Lloyd’s
we know today. Lloyd’s had long known that some types of cover if offered were very risky. Equally,
Names knew that being an underwriter at Lloyd’s involved unlimited liability for the risks they
underwrote - and that meant putting at risk everything they had. But suddenly, unexpectedly large
legal awards made in US courts on asbestos, pollution and health hazard claims, some dating back 40
years or more, resulted in huge losses to Names. Many Names suffered severe financial loss and
unfortunately, some faced bankruptcy.
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The financial challenges faced by the market were compounded when, between 1987 and 1989, a
series of gigantic oil, wind and fire claims, including the loss of the North Sea oil rig Piper Alpha, came
into Lloyd’s. Costs were in their billions.
1993 The game changer – and saviour
David Rowland was appointed as first full-time remunerated Chairman of Lloyd’s, initiating sweeping
reforms to save Lloyd’s after the catastrophes that had threatened its collapse. He spearheaded the
establishment in 1996 of Equitas, a special vehicle into which all pre-1993 business would be
transferred by reinsurance-to-close – at a cost of over $21bn. There were losses for many Names, but
Lloyd’s had survived.
1994 Corporate members introduced
The first corporate members began underwriting – with capacity of £1,595 million.
1998 Financial Services authority introduced
On 21 January, the government announced that Lloyd’s would no longer be self-regulating but would
be subject to the oversight of the new Financial Services Authority, effective from midnight on 30
November 2001.
2003 Creation of Realistic Disaster Scenarios
The establishment of the Franchise Board and the appointment of Rolf Tolle as Lloyd’s first Franchise
Performance Director. Tolle set about developing a range of information tools to gauge Lloyd’s
performance and identify trends across the wider insurance market. Minimum underwriting standards
were laid down and a number of new risk management procedures introduced.
One of these innovations was the creation of Realistic Disaster Scenarios (RDS), in which syndicates
would be required to model their expected losses in the event of a range of major disasters, such as a
Japanese earthquake, a US hurricane or an act of terrorism, to ensure they hadn’t taken on too much
exposure to a single event.
2012 Vision 2025 launched
In May 2012, Prime Minister David Cameron visited Lloyd’s to help launch Vision 2025 – a brand new
strategy for its further development, positioning Lloyd’s to take advantage of opportunities presented
by the world’s developing economies.
Central to Vision 2025 is the need for Lloyd’s to be larger than today, so that it can target profitable
growth from both developing and developed economies. The aim is to ensure that Lloyd’s remains the
global centre for specialist insurance and reinsurance.
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B.

The Lloyd’s market today

Nowadays Lloyd’s accepts business from over 200 countries and territories worldwide, supported by
a network of local offices and cover holders across the world.
The Lloyd’s market is one of the top non-life reinsurer in the world, ranked 3rd based on 2012 gross
reinsurance premiums written1.

Figure I-1 Top 10 Global Non-Life Reinsurance Groups

1.

How does the Lloyd’s market work?

The Lloyd’s market is home to 56 managing agents and 91 syndicates, which offer an unrivalled
concentration of specialist underwriting expertise and talent. Business at Lloyd’s is still conducted
face-to-face. The majority of business written at Lloyd’s is placed through brokers who facilitate the
risk-transfer process between clients (policyholders) and underwriters. Clients can discuss their risk
needs with a broker, a cover holder or a service company.
The diagram below illustrates how the Lloyd’s market works2:

1

AM Best data & research, Aug.26,2013 Special report
Definitions of each component of the market can be found in the appendix in the section “How the Loyd’s
market works”
2
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Figure I-2 The operation of the Lloyd’s market

The diagram below illustrates the 56 managing agents that take part in the Lloyd’s market.

Figure I-3 The participants of the Lloyd's market
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2.

Financial highlights

The graphs below show Lloyd’s financials for over the last 5 years. Lloyd’s made a profit of £3,205m in
2013 (2012: £2,771m) despite a reduction in investment return. In 2013 the combined ratio was of
86.8% (2012: 91.1%). Gross written premium rose by 2.4% in 2013 to £26,106m (2012: £25,500m).
The return on capital can be noted as exceptional in comparison to other types of investments.

Figure I-4 Lloyd's market’s financial highlights

P a g e | 13

3.

Lloyd’s financial strength

Lloyd’s financial strength derives from its unique capital structure, often referred to as the ‘Chain of
Security’. It provides excellent financial security to policyholders and capital efficiency for members.
Financial rating
Lloyd’s strength and robust capitalisation is reflected in its ratings. Three of the world’s leading
insurance rating agencies recognise Lloyd’s strengths and the financial strength of the market.

Figure I-5 Lloyd's market's financial rating

All Lloyd’s syndicates benefit from Lloyd’s central resources, including the Lloyd’s brand, its network
of global licences and the Central Fund. As all Lloyd’s policies are ultimately backed by this common
security, a single market rating can be applied. The Lloyd’s financial strength ratings apply to every
policy issued by every syndicate at Lloyd’s since 1993.
The Chain of Security
Lloyd’s unique capital structure, often referred to as the Chain of Security, provides excellent financial
security to policyholders and capital efficiency to members.
The Corporation is responsible for setting both member and central capital levels to achieve a level of
capitalisation that is robust yet also allows members the potential to earn superior returns.
There are three links in the Chain of Security:
•
•
•

Syndicate level assets
Members’ funds at Lloyd’s
Central assets

The funds in the first and second links are held in trust, primarily for the benefit of policyholders whose
contracts are underwritten by the relevant member. Members underwrite for their own account and
are not liable for other members’ losses. The third link contains mutual assets held by the Corporation
which are available, subject to Council approval, to meet any member’s insurance liabilities. The
diagram below illustrates the “chain of security” at Lloyds as at 2013:
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Figure I-6 Lloyd's market’s financial strength

4.

Capital providers

Historically Lloyd’s capital providers were individuals, called “names”, who were exposed to unlimited
liabilities. Due to the scandals of the 80s and 90s where many names went bankrupt, Lloyd’s struggled
to find individuals who would put their capital at risk; hence corporate members were introduced in
1994.
Nowadays most of the capital providers are corporates. Individuals only represent 12% of the Lloyd’s
capacity as at 2013 as shown on the graph below.

Figure I-7 Lloyd's market's capital providers
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5.

The risks covered in the Lloyd’s market

The risks Lloyd’s covers can be grouped into 7 main categories: casualty, property, marine, energy,
motor, aviation and reinsurance.
Casualty
Casualty risks are particularly specialist and complex and the US accounts for a large proportion of this
business. This market includes professional indemnity, medical malpractice, accident and health,
directors’ & officers’ liability and general and employers’ liability.
Property
The property sector is hugely varied, encompassing everything from supporting the building of the
new World Trade Centre to protecting holiday resorts against storm damage. It’s also highly
competitive.
Marine
Maritime risk is where the Lloyd’s story began, over 300 years ago. Today, it’s a smaller but still
significant part of our business. Most of the cover in this area is for hull, cargo, marine, liability and
specie (the insurance of highly valued items, such as fine art, while in transit).
Energy
The energy market is steadily evolving, from onshore and offshore property, oil rigs and refineries to
emerging renewable energy ventures.
Motor
In the competitive motor sector, Lloyd’s is focused on company fleet business and non-standard risks.
This includes high value, vintage and collectors’ vehicles, high risk drivers and affinity groups. Lloyd’s
has insured numerous land speed record attempts and Sir Malcolm Campbell, the first man to break
300mph on land, was a Lloyd’s broker.
Aviation
Lloyd’s is an industry leader within the global aviation market. This includes: airline, general aviation,
products, war and terrorist coverage, airports and satellite business. Since 9/11, this sector’s loss
experience has been well below the industry’s long-term average. This is thanks to new safety systems,
increased security and improved regulation.
Reinsurance
Reinsurance tends to fall into four categories: to protect an insurer against very large claims; to reduce
exposure to peaks and troughs; to obtain an international spread of risk; and to increase the capacity
of the direct insurer.
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II.

About ANV

ANV is structured to operate as an insurer, integrated Lloyd’s vehicle, and managing general
underwriter (MGU). This three-pillar strategy is designed to build, support, and leverage high quality
underwriting through a team of specialists who understand the unique risks of unique markets.
Working as a unified and worldwide organisation, ANV is focused on managing business risk in all its
forms.
ANV Holdings BV, the parent company of the ANV Group, is a privately held and Dutch registered
holding company and its lead investor is the Canadian pension fund Ontario Teachers’ Pension Plan.
ANV’s Lloyd’s managing agency, ASL, manages Syndicates 1861, 5820, and 779 (collectively branded
as ANV Syndicates), as well as providing incubator services to Apollo Syndicate 1969, which is expected
to move to its own Managing Agency by 2016. ANV Group considers its Lloyd’s operation as a key
component of its vision and strategy to build a globally integrated specialty insurance and reinsurance
company. Its Lloyd’s platform allows ANV the opportunity to continue to grow its business profitably
and complements its other specialty operations in offering a broad range of products and underwriting
expertise.
As of 2013, ANV is the 17th biggest managing agent operating within the Lloyd’s market as shown on
the chart below.
2013 GWP in £m by managing agent in the LLoyds market
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Figure II-1 ANV's rank within the Lloyd's market

To build its Lloyd’s business, ANV acquired Flagstone Syndicate Management Limited (Subsequently
renamed ANV Syndicate Management Limited – “ASML”) in 2012, and in December 2013 completed
the acquisition of Jubilee Managing Agency Limited (subsequently renamed ANV Syndicates Limited –
“ASL”). Following the novation of Syndicates 1861 and 1969 in April 2014, all four Syndicates are now
managed by ASL. With managed capacity in 2014 of over £400 million (including Apollo), ASL benefits
from greater scale, as well as diversification through a broader range of product lines, all of which
improve its value proposition to brokers, clients, and capital providers. ANV Group will continue to
strengthen and build its Lloyd’s franchise significantly over the years to come.
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As noted above, ASL’s strategy is to concentrate on up to twelve core lines of business in which it has
the profile and capability to lead business. The table below shows the distribution of ASL’s core lines
(and their respective sub-classes) across the three ANV Syndicates.

Figure II-2 ANV's lines of business
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III.

Definition of Reinsurance
A.

Definition

A brief definition of reinsurance is given by the Lloyd’s glossary as follow:
A contract under which a reinsurer agrees to pay specified types and amounts of underwriting loss
incurred by an insurer or another reinsurer in return for a premium. Reinsurance serves to 'lay-off' risk.
Reinsurance may be proportional or non-proportional and may take the form of a cover in respect of
an individual risk exposure (see facultative risk) or cover in respect of multiple risk exposures (see
treaty). Reinsurance accounts for more than half of Lloyd's total business.
Another interesting definition is given by David R. Clark in his paper “Basics of Reinsurance Pricing”:
We can define reinsurance as a mechanism for spreading risk. A reinsurer takes some portion of the
risk assumed by the primary insurer (or other reinsurer) for premium charged. A major difference
between reinsurance and primary insurance is that reinsurance program is generally tailored more
closely to the buyer; there is no such thing as the “average” reinsured or the “average” reinsurance
price. Each contract must be individually priced to meet the particular needs and risk level of the
reinsured. This leads to what might be called the pricing paradox:
If you can precisely price a given contract, the ceding company will not want to buy it.
It means that if the historical experience is stable enough to provide data to make a precise expected
loss estimate, then the reinsured would be willing to retain that risk. As such any pricing tools are
usually only a starting point in determining an adequate premium. The actuary and the underwriter
have to understand when the assumptions in the ratemaking process are not met and know how to
supplement the results with additional adjustments and judgement.

B.

Functions of Reinsurance

The most common reasons for purchasing reinsurance include:


Capacity Relief - It allows the reinsured to write larger amounts of insurance.



Catastrophe Protection - It protects the reinsured against a large single, catastrophic loss or
multiple large losses.



Stabilization - It helps smooth the reinsured’s overall operating results from year to year.



Surplus Relief - It eases the strain on the reinsured’s surplus during rapid premium growth.



Market Withdrawal - It provides a means for the reinsured to withdraw from a line of business
or geographic area or production source.
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Market Entrance - Helps the reinsured spread the risk on new lines of business until premium
volume reaches a certain point of maturity; can add confidence when in unfamiliar coverage
areas.



Expertise/Experience - It provides the reinsured with a source of underwriting information
when developing a new product and/or entering a new line of insurance or a new market.

C.

Forms of Reinsurance

Different forms and types of reinsurance contracts exist. Each form of reinsurance contract defines
the rules around how the risk can be ceded to the reinsurer. There are 3 forms of reinsurance which
are Treaty, Facultative and Facultative Obligatory Treaty. A definition of each form is given in the
sections below.


Treaty Reinsurance - A reinsurance contract under which the reinsured agrees to offer and
the reinsurer agrees to accept all risks of certain size within a defined class.



Facultative Reinsurance - A reinsurance risk that is placed by means of separately negotiated
contract as opposed to one that is ceded under a reinsurance treaty.



Facultative Obligatory Treaty Reinsurance - A reinsurance contract which allows the
reassured to select which risks of a given type are to be ceded to the reinsurer. The reinsurer
is obliged to accept all the cessions made by the reassured provided they fall within the scope
of the treaty.

D.

Types of Reinsurance

Each form of reinsurance contract can exist under 4 different types which are Quota Share, Surplus,
Excess of Loss and Stop Loss. Each type of reinsurance contract has different rules and mechanism in
places to calculate the amount of premium the reinsured has to pay to the reinsurer and the amount
of recoveries the reinsurer has to pay to the reinsured. A definition of each type is given in the section
below. These 4 types can be summarised as shown in the diagram below:

Reinsurance Types
Non proportional
Proportional
Excess of Loss
Stop Loss
Quota Share
Surplus
Figure III-1 Reinsurance types



Non-Proportional Reinsurance - Non-Proportional Reinsurance is a type of reinsurance in
which the reinsurer does not share similar proportions of the premiums earned and the claims
incurred by the reassured plus certain associated expenses. Excess of loss reinsurance is an
example of non-proportional reinsurance.
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o

Excess of Loss - A type of reinsurance that covers specified losses incurred by the
reassured in excess of a stated amount (the excess) up to a higher amount, for
example £5 million excess of £1 million. An excess of loss reinsurance is a form of nonproportional reinsurance.

o

Stop Loss - Stop Loss is also known as excess of loss ratio reinsurance. This is a form
of excess of loss reinsurance which provides that the reinsurer will pay some or all of
the reassured’s losses in excess of a stated percentage of the reassured’s premium
income in respect of its whole account or a specified account, subject (usually) to an
overall limit of liability which may be expressed as a percentage of the relevant
premium income or an amount.

Proportional Reinsurance - Proportional Reinsurance is a type of reinsurance in which the
reinsurer shares similar proportions of the premiums earned and the claims incurred by the
reassured plus certain associated expenses. Quota share treaties and surplus line treaties are
examples of proportional reinsurance.
o

Quota Share - A reinsurance treaty which provides that the reassured shall cede to
the reinsurer a specified percentage of all the premiums that it receives in respect of
a given section or all of its underwriting account for a given period in return for which
the reinsurer is obliged to pay the same percentage of any claims and specified
expenses arising on the reinsured account.

o

Surplus - A type of reinsurance under which bands of cover known as lines are granted
above a given retention which is referred to as the cedant’s line. Each line is of
equivalent size and the capacity of the treaty is expressed as a multiple of the cedant’s
line so that with a retention of £2 million, a three-line treaty would provide
reinsurance cover of £6 million (£2 million X 3) excess of £2 million. The reinsurer
receives an equivalent proportion of the full risk premium. A surplus treaty is a form
of proportional reinsurance.

E.

Basis of Reinsurance

The basis of a reinsurance contract refers to the period the contract is applicable to. There are 2
common ways of defining which losses fall within the contract period.


Loss Occurring During (LOD) - LOD basis, does exactly what it says and states that the contract will
respond to any losses that occur within the contract period. In property insurance it is quite
straightforward, because the losses generally start at a precise time. LOD in Liability contracts can
be a little trickier, because some losses cannot be attributed to a sudden event. A good example
is seen in Employers’ Liability, where an employee could suffer a work-related illness as a result of
long-term exposure to hazardous substances or working practices.
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Risk Attaching During (RAD) - RAD contracts will cover all policies that incept during the contract
period, irrespective of when the losses occur. Depending on how the original policies are worded,
the losses could emerge several years after the policy itself has expired.

F.

Features of excess of loss

Excess and Limit
An excess of loss reinsurance contract is primarily defined by its attachment point or excess point and
its limit. For example, a $5m xs $5m layer means that the contract will protect the reinsured for each
and every loss that is in excess of $5m and less than $10m. The recoveries are calculated according to
the following formula:
𝑅𝑒𝑐𝑜𝑣𝑒𝑟𝑖𝑒𝑠 = 𝑀𝑖𝑛(𝑀𝑎𝑥(𝑋 − 𝐸, 0), 𝐿)
Where E: Excess point; L: Limit; X: Loss Amount of a single claim.
ROL and Return Period
An XoL layer is often priced using the terminology ROL (Rate On Line) or return period. For example,
a 10% ROL for a $5m xs $5m layer means that the premium to pay for the reinsured to the reinsurer
1

is $500,000. The return period is defined as: 𝑅𝑒𝑡𝑢𝑟𝑛𝑃𝑒𝑟𝑖𝑜𝑑 =  𝑅𝑂𝐿
It basically means that for a 10% ROL, once in 10 years the layer will be totally burnt.
In the Lloyd’s market and in general the highest a ROL can be is 45% and in practice a 35% ROL would
be the maximum a reinsured would be ready to pay.
Adjustment rate and M&D
A reinsurance contract covers protects against losses arising from an underlying book that the
reinsured is writing. As the reinsurance contract covers the prospective year to come and is bought
before the reinsured starts writing any business, its price is purely based on an Estimated Premium
Income (EPI) provided by the reinsured. The reinsured may write more than what he said he would
write. It means that the amount of exposure the reinsured is exposed to is greater hence it is riskier
for the reinsurer. Therefore, when the contract incepts, the reinsured would pay an M&D (Minimum
and Deposit) to the reinsurer that is not refundable and is based on the EPI provided by the reinsured.
When the contract expires if the reinsured has written more business then additional premium will be
paid to the reinsurer. The additional premium is calculated as follow:
𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙𝑃𝑟𝑒𝑚𝑖𝑢𝑚 = 𝐴𝑑𝑗𝑢𝑠𝑡𝑚𝑒𝑛𝑡𝑟𝑎𝑡𝑒 ∗ (𝑊𝑟𝑖𝑡𝑡𝑒𝑛𝑃𝑟𝑒𝑚𝑖𝑢𝑚𝐼𝑛𝑐𝑜𝑚𝑒 − 𝐸𝑃𝐼)
𝑤ℎ𝑒𝑟𝑒𝐴𝑑𝑗𝑢𝑠𝑡𝑚𝑒𝑛𝑡𝑟𝑎𝑡𝑒 =

𝑀&𝐷

𝐸𝑃𝐼

If the reinsured wrote less business than expected, then there is no refund of any M&D premium.
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AAD (Annual Aggregated Deductible) and AAL (Annual Aggregated Limit)
The amount of recoveries that can be collected by the reinsured are limited in most contract. Most
contracts have an AAL (Annual Aggregated Limit). For example, a $5m xs $5m contract may have a
$15m AAL. It means that if the reinsured has 3 losses and each of them is $10m, he can then recover
$15m. However, if the reinsured has a fourth losses that is $6m no recoveries will be possible under
the contract terms as the AAL would have been exhausted.
The reinsurer may also protect himself and reduce the cost of reinsurance for the reinsured by adding
an AAD (Annual Aggregated Deductible). For example, a $5m AAD means that the reinsurer will start
paying claims only if the recoverable amount is greater than $5m. For example, a $5m xs $5m contract
may have a $5m AAD and a $15m AAL. If the reinsured has a first loss at $10m no recoveries will be
made and the AAD will be exhausted. If a second loss at $10m is reported, then $5m recoveries will
be made. AAD is often added when the reinsured loss history is poor. It is often added on working
layers or bottom layers i.e. layers with a low excess point that attract many losses. AAD helps on these
layers to have a reasonable price for the reinsured.
In mathematical words the recoveries can be calculated as follow:
𝑖=𝑛

𝑅𝑒𝑐𝑜𝑣𝑒𝑟𝑖𝑒𝑠 = 𝑚𝑖𝑛[𝑚𝑎𝑥 [(∑ 𝑚𝑖𝑛(𝑚𝑎𝑥(𝑋𝑖 − 𝐸, 0), 𝐿)) − 𝐴𝐴𝐷, 0] , 𝐴𝐴𝐿]
𝑖=1

Where X is a vector of n losses. E is the excess point, L the Limit.
Reinstatements
If a layer has an AAL that is strictly greater than its limit it means that the reinsured can reinstate the
cover. In most cases reinstating the cover has a price. In general reinstatements are achieved at 100%
of the initial ROL. For example, if a $5m xs $5m layer is priced at 10% ROL and has 1 reinstatement at
100%. If the reinsured has a first loss at $10m then it will entirely consume the layer. In order to
reinstate the cover, the reinsured will have to pay 10% of $5m i.e. $500,000. If the reinsured has a
second loss at $10m then a $5m recovery will be collected and the cover will then be totally exhausted
as there is only 1 reinstatement. The number of reinstatement implicitly defines the AAL.
In mathematical words we have:
𝑅𝐼𝑃 = 𝑚𝑖𝑛(𝑅𝑒𝑐𝑜𝑣𝑒𝑟𝑖𝑒𝑠, (𝐴𝐴𝐷 − 𝐿)) ∗ 𝑅𝐼𝑃𝑝𝑒𝑟𝑐 ∗ 𝑅𝑂𝐿)
Where RIP is Reinstatement Premium; RIPperc is the percentage at which the cover is reinstated.
If there is more than 1 reinstatement, then it is possible that the reinstatement percentage is different
at each reinstatement. We have assumed in the formula above that the reinstatement percentage is
the same at each reinstatement which is the case in general.
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Other features
Other features such as franchise and drop down exist. These are not in the scope of our project.
However, one or two contracts in ANV present these characteristics and methods have been tailored
to take these features into account.
If a franchise is in place, then a minimum amount of loss must be incurred before reinsurance coverage
applies. A franchise deductible differs from an ordinary deductible in that; once it is met the entire
amount of the loss is paid, subject to the policy limit.
In mathematical words it means that:
𝐼𝑓𝑋 > 𝐹𝑡ℎ𝑒𝑛𝑅𝑒𝑐𝑜𝑣𝑒𝑟𝑖𝑒𝑠 = 𝑋𝑒𝑙𝑠𝑒𝑅𝑒𝑐𝑜𝑣𝑒𝑟𝑖𝑒𝑠 = 0
Where X is the loss amount and F is the franchise.

P a g e | 24

IV.

Reinsurance Pricing Techniques
A.

Scope

In this paper we will focus on pricing techniques for Excess of Loss type reinsurance in the form of
Treaty as these are the contracts ANV mostly writes.
There are two different perspectives when pricing a XoL reinsurance contract. In the Lloyd’s market
almost every risk is shared across several syndicates. In this case there will always be a lead syndicate
and followers. The lead in general (but not systematically) takes the biggest share of the risk. The lead
is also responsible for editing all the policy documentation and dealing with the management of claims
and all related administration works related to the policy. The lead will often receive a fee for that
service. The lead will also negotiate directly with the broker the terms and price of the reinsurance
contract.
Therefore, if a syndicate is a lead it has to provide a quote to the broker. If a syndicate is a follower
the broker will offer the terms and price agreed with the lead. Hence a following syndicate would
assess if the reinsurance contract is profitable or not. In most cases ANV is a follower and on a few
occasions a lead.
We will also focus on pricing Property business. Pricing techniques for Casualty are similar to Property
ones although they differ in some aspects and further considerations have to be made given the long
tailed nature of this kind of business compared to property.
In most cases ANV writes LOD policies. However, if RAD policies are written then the inputs to the
rating model have to be on a different basis. The table below summarises the inputs to the rating
model and their nature according to the basis of the contract.
Inputs
Historical Losses
Historical Premium

LDF (Loss Development
Factors)

RAD
Use the year the policy has
incepted
Use gross net written premium
income (GNWPI) for each YOA
(Year of Account)
Derived from an underwriting
year based triangle
The IBNR (Incurred But Not
Reported) loss count is likely
to be higher than on an LOD
basis

LOD
Use the year the loss occurred
Use gross net earned premium
income (GNEPI) for each
calendar year
Derived from an accident year
based triangle

Figure IV-1 Data inputs according to RI basis

In general, there are 2 elements of coverage to consider in a XoL Treaty reinsurance contract. On one
hand there is Per Risk Coverage and on other hand CAT Coverage. The wording of the reinsurance
contract can exclude one of these coverage element or include both. A third type of cover exists, called
clash cover, although it is less frequent.
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Each cover is priced differently, that is the reason why it is important to define them. In this paper we
will focus on per risk and CAT cover pricing techniques.


Per Risk Coverage - A Property Per Risk excess treaty provides a limit of coverage in excess of
the ceding company’s retention. The layer applies on a “per risk” basis, which typically refers
to a single property location. This is narrower than “per occurrence” property excess treaty
which applies to multiple risks to provide catastrophe protection.



CAT Coverage - A Property Catastrophe excess treaty provides a limit of coverage in excess of
the ceding company’s retention for a catastrophic event, such as a hurricane or earthquake.
The occurrence may often affect multiple risks and multiple policies. For example, a hurricane
that goes through Florida and damages most of the properties in that state would trigger
recoveries on the XoL treaty layer as the losses are aggregated. Typically, the catastrophe
cover applies to the ceding company’s retained exposure net of surplus share, per risk excess
treaties and facultative certificates. That is, other reinsurance inures to the benefit of the
catastrophe cover.



Clash covers - Typically a loss on a single policy will not penetrate the treaty layer. A clash
cover will be penetrated due to multiple policies involved in a single occurrence. For example,
the collision of 2 marine hull insured by the same insurer would trigger a combined loss that
can penetrate a XoL treaty layer while a loss on a single policy would not.
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B.

Overview of pricing techniques

As discussed above reinsurance contract can have 2 types of cover: per risk and catastrophe. It is
therefore crucial to price these 2 elements separately.
1.

Per risk coverage

There are mainly 3 methods to price per risk reinsurance contracts.
a)

Experience rating

The first one is called “Experience rating”. This method is purely based on historical loss information.
The basic idea of experience rating is that the historical experience, adjusted properly, is the best
predictor of future expectations.
Coverage and available information
Let’s assume that a $2m xs $2m has been bought by the reinsured. It is a per risk cover on an LOD
basis for a property book. There is a $1m AAD and there is 1 reinstatement @50%. Hence the AAL is
$4m. The proposed rate on line by the broker is 20%. The brokerage fee is 10%.

$4m

LIMIT

Limit+Excess

$2m xs $2m

$2m xs $2m

$2m xs $0m

$2m xs $0m

Initial cover
20% ROL i.e. $400k

1st reinstatement @ 50%
50% * 20% * $2m = $200k max

Excess Point
$2m
(or attachment point)

$0m
Premium

Figure IV-2 XoL coverage

The reinsured provides to the reinsurer the following information:



Historical gross net earned premium income
Historical losses in excess of a threshold. The threshold has to be below the attachment
point of the layer i.e. $2m in this case.
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Premium on levelling
In order to perform the experience rating, the historical premiums and losses have to be on levelled
to today’s terms. The premium has to be adjusted for two reasons:


Rate change – it reflects how the average base rates and average adjustment factors changed
year on year. Hence historical premiums have to be adjusted to reflect today’s base rates and
adjustment factors of the underlying risk insured. The rate change for the renewing year is
not known at the time of pricing however some assumptions have to be made. This is not
trivial and relies on expert judgement.



Inflation - In the Lloyds market, in general property premium are derived from a base rate
applied to the sum insured. In general, if the premium base is insured value or some other
inflation-sensitive base, then an exposure inflation factor should also be included in the
adjustment of historical premium. Therefore, if the historical sum insured is available the
historical premium has to be inflated in order to reflect higher sums insured in the underlying
book.

Let’s assume the reinsured writes a cargo book and it has earned the following premium over the
years3:
Calendar
Year
Y1
Y2
Y3
Y4
Y5
Y6
Renewal

GNEPI ($USD)

Rate
Change

42,000,000
50,000,000
41,000,000
35,000,000
29,000,000
34,000,000
41,000,000

4%
-2%
-3%
1%
0%
-4%
3%

Inflation

Cum. RC.
Factor

3%
0%
3%
2%
5%
3%
1%

0.95
0.96
0.99
0.99
0.99
1.03

Cum.
Inf.
Factor
1.15
1.15
1.11
1.09
1.04
1.01

Adjusted
GNEPI ($USD)
45,758,070
55,359,647
45,435,803
37,761,806
29,768,663
35,370,200
41,000,000

Figure IV-3 Experience Rating Premium On Levelling

In mathematical words it means:
𝑛

𝑃𝑗𝑎

𝑛

=  𝑃𝑗 (∏(1 + 𝐼𝑗 ))(∏(1 + 𝑅𝐶𝑗 )) 
𝑗

𝑗

Where 1≤j≤n, n is the total number of years,𝐼𝑗 is the inflation rate for year j, 𝑅𝐶𝑗 is the rate change
for the year j, 𝑃𝑗 is the premium income for year j and 𝑃𝑗𝑎 is the on levelled premium income for year
j.

3

The data provided does not reflect any real book and has been purely made up in order to illustrate the point
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Claims on levelling
If catastrophe claims exist in the dataset, then they have to be excluded as the aim here is to price a
per risk cover. Then the claims have to be adjusted for 3 elements


IBNER – Depending on the information provided by the reinsured if a claim is closed then no
IBNER would be added. If not, a Loss Development Factor (LDF) will be applied to the incurred
loss in order to take it to its ultimate level. The question of deriving an LDF pattern is not trivial
to answer. If the reinsured can provide a triangle with sufficient history, it can be used to
derive an LDF pattern. If not Lloyd’s provide market triangles dating back from 1993. However,
these triangles are for ground up losses. Triangles of claims in excess of certain amounts do
not exist. Therefore, any LDF pattern derived from these market triangles would not be a true
reflection of large claims development. The development of individual claims to ultimate is
not easy and often relies on knowledge and understanding of the underlying claims. The
reinsured may provide details about each claim. In addition to this if the reinsured is part of
the Lloyds market; most of the large losses are shared across a panel of syndicates. Therefore,
it is possible to refer to our own claims department in order to get a fair estimate of the
ultimate outcome for market losses.



IBNR- At the time the reinsurance contract is priced the available information often dates back
to a few months earlier. For example, for a contract staring on the 1st of January, the data
available will date back to November in a best case scenario. Therefore, it is possible that
some losses have not been reported. This is very important if a frequency-severity model is
used as it has a direct impact on the frequency. Due to the low number of reported claims in
excess of a certain threshold, an additional claim can easily increase the average claim count
assumed per year by 100% in the worst cases. It can also potentially shift the severity
distribution fitted to historical losses. If claims that are known to the market have been
reported between the cut-off date and the time the contract is priced, then it has to be added.
Otherwise it is possible to load the average claim count by a percentage in order to allow for
IBNR claims. The severity distribution is assumed to remain the same. Finally, if the contract
is on an RAD basis the likelihood of having IBNR claims is higher than on an LOD basis. This is
purely due to the fact that an RAD cover is longer tailed and is linked to the tail of the
underlying business whereas an LOD cover would expire after 12 months no matter how long
tailed the underlying business is.



Inflation – Claims that occurred 5 years ago won’t have the same cost as claims that occurred
today. Therefore, claims have to be adjusted for inflation. However, inflation is not easy to
determine as for some class of business it is almost impossible to know what the real inflation
is. In general, an inflation rate varying from 1% to 6% is assumed on average across the years.

Let’s assume the same cargo book has suffered the following losses over the years. All these losses
are in excess of $1.5m which is below the attachment point of $2m.
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Accident Year
Y1
Y2
Y3
Y3
Y3
Y3
Y5
Y5
Y6
Y6

Incurred Loss ($USD)

LDF

5,700,000
3,652,000
4,543,000
2,594,000
3,304,000
3,366,000
25,000,000*
2,901,000
1,694,000
1,526,000

1.00
1.00
1.01
1.01
1.01
1.01
1.06
1.06
1.26
1.26

Inflation Inf. Factor
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%

1.19
1.16
1.13
1.13
1.13
1.13
1.06
1.06
1.03
1.03

Ultimate Adj. Loss ($USD)
6,806,098
4,233,669
5,189,107
2,962,920
3,773,896
3,844,714
28,113,850
3,249,139
2,198,938
1,980,861

Figure IV-4 Experience Rating Claims On Levelling

*The $25m incurred loss in Y5 is a CAT loss generated by a hurricane. This loss will have to be excluded
from the experience rating as the per risk element is priced here.
In mathematical terms this can be written as:
𝑛

𝐶𝑗𝑎

= 𝐶𝑗 × 𝐿𝐷𝐹𝑗 × (∏(1 + 𝐼𝑗 ))
𝑗

Where 1≤j≤n, n is the total number of years,𝐼𝑗 is the inflation rate for year j, 𝐿𝐷𝐹𝑗 is the Loss
Development Factor for the year j, 𝐶𝑗 is the claim cost for year j and 𝐶𝑗𝑎 is the on levelled claim cost
for year j.
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Application of the treaty terms: Excess and Limit
Each on levelled loss is taken through the treaty layer in order to calculate the loss to layer for the
reinsurer (or the recoveries for the reinsured). In the table below an on levelled loss of $6.8m occurred
in Y1. The reinsurer will pay $2m to the reinsured for that loss. The reinsured will pay the first $2m
and the remaining cost from $4m to $6.8m as shown on the diagram below.
Treaty Terms
Excess
2,000,000
Limit
2,000,000
AAD
1,000,000
AAL
4,000,000
1st Reinstatement
50%
ROL
20%
Figure IV-5 Treaty Terms Example

Application of Excess and Limit
Accident Year Ultimate Adj. Loss ($USD)
Y1
6,806,098
Y2
4,233,669
Y3
5,189,107
Y3
2,962,920
Y3
3,773,896
Y3
3,844,714
Y5
3,249,139
Y5
2,198,938
Y6
1,980,861

Loss to Layer
2,000,000
2,000,000
2,000,000
962,920
1,773,896
1,844,714
1,249,139
198,938
-

Figure IV-6 Experience Raring application of Excess and Limit
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$7m

$2m xs $0m
$0m

Reinsurer

Excess Point
$2m
(or attachment point)

Rei nsured

$2m xs $2m

$6.8 m loss

$4m
LIMIT

Limit+Excess

Rei nsured

$6m

Figure IV-7 Experience rating illustration of a loss to layer

In mathematical words it means:
𝑅𝑗𝑖 = min (𝑚𝑎𝑥 ((𝐶𝑗𝑖 − 𝐸), 0) , 𝐿)
Where 𝑅𝑗𝑖 is the amount of recoveries for the loss i in year j, E is the excess point, L is the limit, 𝐶𝑗𝑖 is
the on levelled loss amount in year j for loss i.
Application of the treaty terms: AAD and AAL
On levelled losses and losses to the layer are then summarised by year (Accident year in this case as it
is an LOD contract) and additional contract terms are applied i.e. AAD and AAL. In the example above,
it can be noticed that Y3 is a very active year. It had 4 losses totalling to an on levelled value of $15.8m.
The loss to the layer is of $6.6m. However, the contract terms mention that there is a $1m AAD. Hence
the cost to the layer for Y3 is in fact $5.6m. Then as the reinsured can only benefit from one
reinstatement, the maximum recoveries that can be collected in a year is capped at $4m. Therefore,
the loss to the reinsurer in Y3 is not $5.6m but capped at $4m. As for the reinsured the total retained
loss for Y3 is $11.8m. The histogram below summarizes this situation.

Summary by year and application of AAD, AAL
Accident Year
Ultimate Adj. Loss ($USD)
Loss to Layer
Y1
6,806,098
2,000,000
Y2
4,233,669
2,000,000
Y3
15,770,637
6,581,530
Y4
Y5
5,448,077
1,448,077
Y6
1,980,861
-

Application of AAD
1,000,000
1,000,000
5,581,530
448,077
-

Figure IV-8 Experience Rating Application of AAD and AAL
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Application of AAL
1,000,000
1,000,000
4,000,000
448,077
-

Figure IV-9 Experience Rating summary of losses to the programme

This can be written as:
𝑛𝑗

𝑅𝑗 = 𝑚𝑖𝑛 [𝑚𝑎𝑥 ((∑ 𝑅𝑗𝑖 − 𝐴𝐴𝐷) , 0) , 𝐴𝐴𝐿]
𝑖=1

Where 𝑅𝑗 is the total amount of recoveries for losses that occurred in year j, 𝑛𝑗 is the number of losses
that occurred in year j, 𝑅𝑗𝑖 is the amount of recovery for the on levelled loss I that occurred in year j.
Loss cost selection
Once the final ultimate loss to layer is calculated for the reinsurer for each accident year, a burn rate
can be worked out for each year using the reinsured GNEPI. The average burn rate across the 6 years
of historical information is taken as a best estimate of future expectations regarding the performance
of that layer. In this example Y4 and Y6 are clean years. Y3 is the worst year with a burn rate of 8.8%.
Overall the burn rate is 2.58%. This means that for every dollar of business written and earned by the
reinsured the reinsurer would charge $0.0258 in order to break even.
Summary by accident year and loss cost
Accident
Adjusted GNEPI ($USD)
Year
Y1
45,758,070
Y2
55,359,647
Y3
45,435,803
Y4
37,761,806
Y5
29,768,663
Y6
35,370,200
Total
249,454,189

Final Loss to Layer ($USD)

Burning Rate

1,000,000
1,000,000
4,000,000
448,077
6,448,077

2.19%
1.81%
8.80%
0.00%
1.51%
0.00%
2.58%

Figure IV-10 Experience Rating summary of losses to layer by year
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As the estimated premium income for Y7 i.e. the renewing year is $41m, the burn rate enables the
reinsurer to give an exposure adjusted price to the reinsured. In this case $1,059,798 will be payable
to the reinsurer by the reinsured. In general, most of the reinsurance contracts start on the first of
January. The reinsurance premium is paid in 4 instalments at the beginning of each quarter.

Renewal

GNEP ($USD)
41,000,000

Estimated Loss to Layer ($USD)
1,059,798

Burn Rate
2.58%

Figure IV-11 Experience Rating selected burn rate

The final burn rate can be written as:
𝐵𝑢𝑟𝑛𝑅𝑎𝑡𝑒 = 

∑𝑛𝑗=1 𝑅𝑗
∑𝑛𝑗=1 𝑃𝑗𝑎

Where 𝑅𝑗 is the total amount of recoveries that can be collected in year j after application of contract
terms to each on levelled loss i.e. application of excess, limit, AAD and AAL. N is the total number of
years of experience. 𝑃𝑗𝑎 is the on levelled premium income for year j for the reinsured. Burn rate is
the price to charge the reinsured for the considered reinsurance layer for every $USD of premium
written.
Limitations
There are 2 main limitations of this method:




The rate change and inflation adjustments made to the premium and loss information are not
trivial. They do not take into account the change in risk profile of the reinsured over the years
as the risk profile of the renewing book might be totally different from the one of the previous
years.
Other issues can arise with this method if the reinsured has no loss history or is a start-up as
the suggested price would be nil while it is obviously not the case. Even if the reinsured has
many years of losses issues can arise on top layers where historical losses may not penetrate.
In these instances, the price is obviously not nil.

Hence alternative methods like the exposure rating have to be used.

P a g e | 34

b)

Exposure rating

Introduction
The second pricing method is called “Exposure rating”. It is a pricing technique that only exists for
reinsurance contracts. Nothing similar to this approach can be found on primary insurance pricing.
The approach was first developed by Ruth Salzmann in 1963 for homeowners’ business and eventually
adapted for commercial property as well. The basic idea of the method is to use a curve called
“exposure curve” to allocate the ground up risk premium to different layers. The advantages of this
approach over experience rating are:



The current risk profile of the reinsured is modelled, not what was written years earlier.
Every layer can be priced and the issue of “free cover”4 is solved.

Mathematical definition
If the loss distribution of each risk in the reinsured portfolio was known, then it would be easy to
determine the amount of risk premium that the reinsured would retain below an excess point. Let’s
assume each risk is distributed according to a probability density function (pdf) noted f(x) and that
each risk has an insured value noted IV. Let’s assume the reinsured retains a percentage p of the
𝐸𝑥𝑐𝑒𝑠𝑠𝑝𝑜𝑖𝑛𝑡
𝐼𝑉

insured value (in this case 𝑝 =

) and that anything beyond that percentage is taken by

the reinsurer.
The reinsured is then exposed to the following percentage noted G (p) of the mean expected loss cost
noted E[x].
𝑝𝐼𝑉

𝐺(𝑝) =

∫0

∞

𝑥𝑓(𝑥)𝑑𝑥 + ∫𝑝𝐼𝑉 𝑝𝐼𝑉𝑓(𝑥)𝑑𝑥
∞
∫0 𝑥𝑓(𝑥)𝑑𝑥

𝑝𝐼𝑉

=

∫0

[1 − 𝐹(𝑥)]𝑑𝑥
𝐸[𝑥]

The numerator can also be noted L (Excess, x) = E [min (Excess, x)] which is the limited expected value
of the loss distribution. The denominator is the expected loss cost. The function G(p) is called exposure
curve.
Because [1-F(x)] >0 and F’(x)=f(x)>0, G(p) is an increasing and concave function on the interval [0,1].
By definition of G(p) we have G (0) = 0 and G (1) =1.
It is then possible to estimate the portion of the risk premium that the reinsurer will take for a simple
XoL contract with an excess point and a limit using the following formula:
(𝐸𝑥𝑐𝑒𝑠𝑠 + 𝐿𝑖𝑚𝑖𝑡)
𝐸𝑥𝑐𝑒𝑠𝑠
𝑅𝐼𝑅𝑖𝑠𝑘𝑃𝑟𝑒𝑚𝑖𝑢𝑚 = 𝐺 [
]−𝐺[
]
𝐼𝑉
𝐼𝑉
Where: (𝐸𝑥𝑐𝑒𝑠𝑠 + 𝐿𝑖𝑚𝑖𝑡)  ≤ 𝐼𝑉
If the excess point is greater than the insured value, then the reinsurer is not exposed to that risk and
the risk is entirely retained by the reinsured.

4

See section IV.C.1
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If the excess point is less than the insured value but the excess point plus the limit is less than the
insured value, then the reinsurer is partially exposed to that risk.
However, in practise 2 issues arises:



It is impossible to know what the probability density function of each risk in a portfolio is.
A portfolio is also made of various risks that are different from each other’s and have different
insured values.

Risk profiles
To address the second point defined above, the reinsured summarises its data in bands of insured
value. It is assumed that all the risks within each band are homogenous. The reinsured would also
provide the number of risks that falls within each band as well as the total premium collected.
Let’s take the example of a cargo book. The reinsured summarized the risks into bands of sum insured
as shown in the table below which represents the re-insured’s risk profile.
For example, the reinsured has 763 risks that have an insured value between $0 and $2,000,000.
It is possible that the reinsured also provides the average sum insured in each band. For example, in
the first band the average insured value of the 763 risks is $426,391. If the average insured value is
not provided, then the mid-point between the lower and the upper insured value is taken. In this case
for the first band it would have been $1m.
The reinsured collected a total premium of $3,350,000 from the risks in the first band.
In order to estimate the expected loss cost or in other words the risk premium of each risk, a loss ratio
is assumed or provided by the reinsurer as an a priori expectation. A different loss ratio per band could
be assumed. In this case and in general, given the lack of information, the same loss ratio is assumed
across the bands.
SI LB

SI UB

Average SI

Premiums

Risk Count

2,000,000
4,000,000
6,000,000
8,000,000
10,000,000
15,000,000
20,000,000
25,000,000
30,000,000
35,000,000
40,000,000

2,000,000
4,000,000
6,000,000
8,000,000
10,000,000
15,000,000
20,000,000
25,000,000
30,000,000
35,000,000
40,000,000
65,000,000

426,391
2,950,100
4,014,202
7,440,570
8,904,012
13,285,700
17,398,169
21,694,317
25,564,646
33,744,388
36,335,908
51,079,233

3,350,000
5,370,000
8,640,000
4,490,000
4,020,000
7,590,000
4,710,000
1,990,000
1,780,000
930,000
450,000
540,000

763
414
357
207
182
284
158
70
50
19
8
9

Figure IV-12 Exposure Rating risk profile example
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Assumed
Loss Ratio
75%
75%
75%
75%
75%
75%
75%
75%
75%
75%
75%
75%

Risk Premium
2,512,500
4,027,500
6,480,000
3,367,500
3,015,000
5,692,500
3,532,500
1,492,500
1,335,000
697,500
337,500
405,000

Therefore, if the loss distribution was known, then the exposure curve would have been applied to
each band, assuming that each risk within each band has an insured value that is equal to the average
insured value.
However, the loss distribution is not known. Therefore, the question is to find a way of having an
exposure curve without knowing the underlying distribution of the losses.
Empirical exposure curves
For large reinsurers with large amount of data it is possible to use historical information in order to
build an empirical exposure curve. This is what the reinsurer Swiss Re, the world’s second largest
reinsurer, has done by establishing the famous Swiss Re exposure curves. Large amount of historical
losses is classified by category of risks and of insured value. Then empirical limited expected values
are calculated at different thresholds in order to build the exposure curve as shown in the first section
earlier.
MBBEFD class of distributions and exposure curves


Introduction

In his paper “the Swiss re exposure curves and the MBBEFD distribution class” Stefan Bernegger
managed to find a class of distribution used in physics called MBBEFD for Maxwell Boltzman Bose
Einstein Fermi Dirac that can exactly match the Swiss Re curves and more over produce an infinite
number of exposure curves that depend on a single parameter.
In his paper, Stefan Bernegger first establishes a few useful equations that link the distribution of the
underlying losses to the exposure curve function.
In the following formulas, we define as X the random variable for the underlying losses. M is the
insured value or maximum possible loss. x is the normalised random variable i.e. x=X/M.
The derivative of the exposure curve as defined in the section above is:
𝐺 ′ (𝑝) =

[1 − 𝐹(𝑝)]
1
𝐺′(𝑥)
𝑤𝑖𝑡ℎ𝐹(0) = 0𝑎𝑛𝑑𝐺 ′ (0) =
𝑠𝑜 𝐹(𝑥) = 1 −
 𝑓𝑜𝑟0 ≤ 𝑥 ≤ 1
𝐸[𝑥]
𝐸[𝑥]
𝐺′(0)

In other word the derivative of the exposure curve at any point p can be seen as the probability of
having a loss greater than p% of the insured value. As the exposure curve is concave the probability of
having a loss greater than p% of the insured value decrease with p.


Total loss probability and expected value
𝐺′(1)

The total loss probability is equal to 𝑑 = 1 − 𝐹(1− ) = 𝐺′(0)
1

The expected value is equal to 𝜇 = 𝐸[𝑥] = 𝐺′(0)
As G(x) is concave and increasing on the interval [0,1] and G (0) =0 and G(1)=1 we have
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𝐺 ′ (0) > 1 > 𝐺 ′ (1) > 0𝑤ℎ𝑖𝑐ℎ𝑐𝑎𝑛𝑏𝑒𝑤𝑟𝑖𝑡𝑡𝑒𝑛𝑎𝑠1 > 𝜇 > 𝑑 > 0


The MBBEFD class of distribution

The MBBEFD curve used in physics is defined as
𝐺(𝑥) =

ln(𝑎 + 𝑏 𝑥 ) − ln(𝑎 + 1)
ln(𝑎 + 𝑏) − ln(𝑎 + 1)

The parameters a and b are defined such that the function G is increasing and concave on the interval
1

[0,1]. A new parameter 𝑔 = 𝑑 defined as the inverse of the total loss probability is introduced. The
parameter a is replaced by the parameter g using the relation 𝑎 =

(𝑔−1)𝑏
1−𝑔𝑏

The condition 0<d<1 is fulfilled for g>1 and the function G(x) is a real only if b is greater than or equal
to zero.
With the new parameter g introduced, the most general definition of the function G(x) is:

ln[
𝐺𝑏,𝑔 (𝑥) =

(𝑔 − 1)𝑏 + (1 − 𝑔𝑏)𝑏 𝑥
]
(1 − 𝑏)
𝑤ℎ𝑒𝑟𝑒𝑏 > 0 ∩ 𝑏 ≠ 1 ∩ 𝑏𝑔 ≠ 1 ∩ 𝑔 > 1
ln(𝑔𝑏)

The derivative can then be defined as with the same conditions on b and g:
𝐺 ′ (𝑥) =

ln(𝑏)(1 − 𝑔𝑏)
ln(𝑔𝑏) [(𝑔 − 1)𝑏1−𝑥 + (1 − 𝑔𝑏)]

Then follows:
𝐺 ′ (0) =

ln(𝑏)(1 − 𝑔𝑏)
ln(𝑏)(1 − 𝑔𝑏)
𝑎𝑛𝑑𝐺 ′ (1) =
ln(𝑔𝑏)(1 − 𝑏)
ln(𝑔𝑏) 𝑔(1 − 𝑏)

And the distributions function:
𝐹(𝑥) = 1 −


(1 − 𝑏)
(𝑔 − 1)𝑏1−𝑥 + (1 − 𝑔𝑏)

Curve fitting

It is then possible to fit any exposure curve for any given pair of total loss probability and mean loss.
1

The parameter g is easily obtained as 𝑔 = 𝑑
As for the parameter b, it can be obtained by solving iteratively the following equation:
𝜇=
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ln(𝑔𝑏)(1 − 𝑏)
ln(𝑏)(1 − 𝑔𝑏)

It is also possible to fit an exposure curve for a given pair of mean loss and variance but this won’t be
detailed here.


Definition of a single parameter

In his paper Stefan Bernegger found that the exposure curves derived from the MBBEFD class of
distributions could be defined using a single parameter noted c instead of the two parameters b and
g.
𝑏𝑐 = 𝑒 3.1−0.15(1+𝑐)𝑐 𝑎𝑛𝑑𝑔𝑐 = 𝑒 (0.78+0.12𝑐)𝑐


The link with the Swiss Re curves

Therefore, it was found that the 4 Swiss Re curves coincides very well with exposure curves with a c
parameter of {1.5; 2; 3; 4} as shown in the graph below.

Figure IV-13 Swiss Re exposure curves



The link with the Lloyd’s exposure curve

The Lloyd’s exposure curve turned out to coincide with an exposure curve with a parameter of 5.
The graph below illustrates the Lloyd’s exposure curve. It is an increasing and concave curve and
defined on the interval [0, 1]. The graph below shows how the reinsurer’s share of the risk premium
is calculated based on the exposure curve. If the excess point represents 5% of the insured value and
the ceiling (excess + limit) of the XoL cover represents 20% of the insured value, then the reinsurer
would get 23% of the risk premium. If another reinsurer was to take the portion of the risk beyond
20% of the insured value, then he would only get 20% of the risk premium which is less than the
reinsurer who took 23% of the risk premium for the first 5% to 20% of the risk. This reflects the fact
that the probability of having a large loss is less than the probability of having attritional losses. This
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is the reason why the exposure curve is concave as its derivative is also a measure of the probability
of a claim to occur at a given per cent of the insured value.

Figure IV-14 Exposure Rating application of excess and limit to an exposure curve



Comments on the c parameter

The higher the c parameter is the more concave the curve is which means that the underlying risks
are more likely to have attritional losses and very unlikely to have losses beyond a certain threshold.
In the extreme case where the c parameter is zero, the exposure curve is a straight line, which means
that the probability of having a loss of any size is the same and that it is very likely to have a total loss
therefore every share of coverage has a corresponding equal share of the risk premium.
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Figure IV-15 Exposure Rating, exposure curves and loss probability

Application of exposure curves to risk profiles
Let’s assume that a layer of $5m in excess of $5m has to be priced. The risk profile presented earlier
is used. We assume that the exposure curve is a Lloyd’s curve i.e. its parameter c is 5 and that the
underlying book is performing at 75%. The following table summarises the risk premium to the
reinsurer for each bands.

Average SI

Risk Premium
(75% LR)

Excess as %
of Avg. SI

(Excess +
Limit) as %
of Avg. SI

426,391
2,950,100
4,014,202
7,440,570
8,904,012
13,285,700
17,398,169
21,694,317
25,564,646
33,744,388
36,335,908
51,079,233
Grand Total

2,512,500
4,027,500
6,480,000
3,367,500
3,015,000
5,692,500
3,532,500
1,492,500
1,335,000
697,500
337,500
405,000
32,895,000

1173%
169%
125%
67%
56%
38%
29%
23%
20%
15%
14%
10%

2345%
339%
249%
134%
112%
75%
57%
46%
39%
30%
28%
20%

Portion of
Portion
G(Excess Risk Premium
of IV
G(Excess)
+ Limit)
to the
covered
reinsurer
0%
100%
100%
0%
0%
100%
100%
0%
0%
100%
100%
0%
33%
96%
100%
4%
44%
94%
100%
6%
37%
89%
97%
8%
28%
85%
94%
9%
23%
82%
92%
10%
19%
79%
90%
10%
15%
75%
86%
11%
14%
74%
85%
11%
10%
68%
79%
11%

Figure IV-16 Exposure rating application of an exposure curve to a risk profile
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Risk
Premium to
the reinsurer
129,008
177,243
477,370
326,508
146,565
135,942
74,504
36,425
45,355
1,548,921

Overall the reinsurer would charge $1,548,921 for a $5m xs $5m cover given the risk profile above and
the assumptions made regarding the underlying book’s loss ratio and the exposure curve to use. This
represents a LOL (Loss on Line) of 31% (𝐿𝑂𝐿 = 

𝐿𝑜𝑠𝑠𝑐𝑜𝑠𝑡
).
𝐿𝑖𝑚𝑖𝑡

This is a pure loss cost for unlimited

reinstatements, in other words unlimited AAL. The section B.3.a. explains how the reinstatements can
be taken into account once a loss cost or LOL (Loss on Line) has been selected.
The table below shows how the LOL could vary for different sets of loss ratio and exposure curve
assumed.
LR
40%

50%

60%

70%

75%

80%

90%

60%
49%
38%
26%
21%
17%
13%
10%
5%
3%
2%
1%

75%
62%
47%
33%
26%
21%
16%
12%
7%
4%
2%
1%

90%
74%
56%
39%
32%
25%
19%
14%
8%
4%
2%
1%

105%
86%
66%
46%
37%
29%
22%
17%
9%
5%
3%
1%

112%
93%
70%
49%
39%
31%
24%
18%
10%
5%
3%
2%

120%
99%
75%
52%
42%
33%
25%
19%
11%
6%
3%
2%

135%
111%
84%
59%
47%
37%
29%
22%
12%
6%
3%
2%

c
1
2
3
4
4.5
5
5.5
6
7
8
9
10

Figure IV-17 Exposure Rating, outcome depending on selected LR and exposure curve parameter



Fixed loss ratio, varying exposure curve

This table can be read in the following manner. If two reinsured, A and B, had the same underlying
loss ratio, for example 75% but if the makeup of that loss ratio was different i.e. as shown in table
below:

Attritional
Large
Total

A
10%
65%
75%

B
65%
10%
75%

Figure IV-18 Exposure rating, example of two clients with different LR composition

Let’s assume that the large loss threshold is set at $5m, which is the reinsurance layer excess point.
The reinsured A and B are actually looking to protect their book against these large losses. Given the
loss ratios in the table above, the reinsured A will have a greater benefit from the reinsurance
compared to reinsured B. Therefore, the price charged to each of them should be different. In order
to reflect this, the exposure curve parameter of the reinsured B will have to be higher than the one
used for reinsured A. The choice of the right exposure is not an easy decision to make and is rather a
subjective choice to make based on the expert knowledge of the reinsured and its market. However,
in this case to illustrate our point, it can be said that for reinsured A a parameter of c=3 can be chosen
producing a LOL of 70% and for reinsured B a parameter of c=7 producing a LOL of 10% which is 7
P a g e | 42

times less that for reinsured A. This ratio is close to the large loss ratio of reinsured A being 6.5 times
greater than the one of reinsured B.


Fixed exposure curve, varying loss ratio

On other hand a situation where two reinsured A and B have a similar loss ratio structure i.e. for
example 30% of losses are large (in excess of $5m) and 70% of losses are attritional. However, if
reinsured A has a better overall loss ratio than reinsured B then the final LOL selection will be different.
If a c parameter of 5 is chosen for both reinsured and reinsured A has a loss ratio of 40% and reinsured
B a loss ratio of 80% then the difference in LOL would be of 17% for A vs. 33% for B.


Conclusion

This shows that even if two reinsured have exactly the same risk profile, the quality of the underlying
risks is crucial and this is what the loss ratio and exposure curve parameter are trying to capture.
For example, the reinsured A may insure properties in Florida which is a state heavily exposed to US
hurricanes from June to October whereas reinsured B may insure the exact same portfolio of
properties but in Dubai where wind risk is much lower than in US Florida. Hence, reinsured A may
suffer from large losses more often than reinsured B. Hence the exposure curve used for reinsured A
will be tougher i.e. closer to the first diagonal (less concave) than the one used for reinsured B.
Then let’s assume reinsured B also writes US Florida properties similar to reinsured A. But let’s assume
that the properties insured by B are much stronger, built with reinforced concrete, whereas properties
insured by A are made from wood. Then the properties insured by A would be more vulnerable to the
hurricane that the properties insured by A. Although the structures of the losses are likely to be the
same, the overall loss ratio for B would be lower than the one of A.
When parameter selections are made discussions with the class underwriter helps to understand what
the underlying risk covered is in order to come up with the best choice of parameters.
Limitations
The limitations of this method are:







It is difficult to know which exposure curve to use as each exposure curve will allocate
premium in different proportions.
An implicit assumption in the exposure rating approach is that the same exposure curve
applies regardless of the size of the insured value. For example, the likelihood of $10,000 loss
on a $100,000 risk is equal to the likelihood of a $100,000 loss on a $1,000,000 risk. This
assumption of scale independence might be correct on small risks but can be easily
challenged for large industrial and commercial risks.
It is difficult to estimate the ground up risk premium. Often the reinsured provides its ground
up premium and its book is assumed to run at a certain loss ratio in order to estimate the risk
premium.
The reinsured provides “limits profiles” where risks are classified into bands of insured values.
The classification has to be made on per location basis. If it is made based on total insured
values for policies covering multiple locations, then distortions will result.
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c)

Frequency-Severity model

Introduction
A third method for pricing per risk reinsurance contract is simulation based technique or alternatively
called “Frequency-Severity” model. The advantage of frequency-severity model over the first two
methods are:






It can precisely take into account every features of the reinsurance contract. The terms of the
contract can be applied to each and every loss simulated.
The model is calibrated using the historical loss information and expert judgement adjustment
can be made to reflect the understanding of the underlying risks.
It produces a best estimate price but also the volatility around that price. Return periods for
each XoL layer can be produced as well as series of statistical information.
If the reinsured has no historical losses, then standard parameters derived from similar books
or market books can be used.
It is an intermediary method between the experience and exposure rating. It requires some
loss information in order to parameterise the frequency and severity distributions.
Distributions can then be used to simulate losses in layers with no historical losses.

The table below summarises the distribution used for frequency and severity.

Frequency
Poisson
Negative Binomial

Comment
Greater variability

Severity
Log Normal
Pareto
Truncated Pareto

Comment
Suited for Large Losses
Suited for Large/CAT losses
Suited for Large Losses

Figure IV-19 Frequency Severity models

For frequency a Poisson distribution is used in general. The negative binomial could be used if more
volatility is expected in the claims frequency which is often the case in reinsurance given the low
number of historical claims.
For severity the log normal is generally accepted as the best option to simulate single large losses.
Pareto can also be used but it has a heavier tail than the lognormal and is more suited to simulate CAT
type claims rather than per risk type claims.
In the Extreme Value Theory lognormal distribution belongs to the “Gumbel” class of distribution
which is characterized for having intermediary tail. Pareto distribution belongs to the “Frechet” class
of distribution which is characterised as having a heavy tail.
This can be illustrated comparing a lognormal and a Pareto distribution that have the same mean and
standard deviation.
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Mean
Std Dev

Pareto
1,242,676

Lognormal
1,242,676

310,861

310,861

1,000,000

Scale

5.12

Shape
Mu

14
0.25

Sigma
Figure IV-20 Severity models examples

It can be seen on the survival distribution that the tail of the Pareto distribution is heavier than he one
of the Lognormal distribution.

Figure IV-21 Pareto vs Lognormal distribution

Frequency distributions
The Poisson distribution is a discrete probability distribution defined as follow:
𝑃(𝑁 = 𝑘) =

𝜆𝑘 𝑒 −𝜆
𝑘!

N is a random variable representing a number of loss that has been notified in a year.
The mean and the variance are defined as:
𝑀𝑒𝑎𝑛 = 𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 = 𝜆
The negative binomial distribution is a discrete probability distribution of the number of successes
(denoted k) in a sequence of independent and identically distributed Bernoulli trials (with a success
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probability denoted p) before a specified (non-random) number of failures (denoted r) occur. It is
defined as:
𝑘+𝑟−1
𝑃(𝑁 = 𝑘) = (
) (1 − 𝑝)𝑟 𝑝𝑘
𝑘
The mean and variance are defined as:
𝑀𝑒𝑎𝑛 = 

𝑝𝑟
𝑝𝑟
; 𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 =

1−𝑝
(1 − 𝑝)2

It can be noted that 0<p<1 hence Mean < Variance. This shows that using a negative binomial
distribution allows for a greater variability in the simulated outcomes.
Severity distributions
The severity distributions defined below are used to simulate the loss amount of a notified claim. By
definition a loss amount is greater than 0.
The pareto distribution can be easily defined using its cumulative density function (CDF) as:
𝜃 𝛼
𝐹(𝑥) = 1 − ( )
𝑥
The Pareto distribution has 2 parameters. A scale parameter noted 𝜃 and a shape parameter noted𝛼.
The scale parameter is the starting point of the distribution i.e. 𝑥 ≥ 𝜃.
The kth moments of the Pareto distribution can be defined as:
𝛼𝜃 𝑘
𝐸(𝑋 ) =
𝛼−𝑘
𝑘

The mean of a Pareto distribution only exists if the shape parameter is strictly greater than 1. The
variance exists only if the shape parameter is strictly greater than 2.
The Pareto distribution in theory can simulate any loss of any size (greater than the scale) given that
it belongs to the class of heavy tailed distributions. In that aspect it is well suited to simulate CAT type
losses. The Pareto distribution can also be used to simulate risk losses. However, a small change has
to be made to the distribution. An upper limit has to be set. It then becomes a truncated Pareto. The
upper limit can be defined as the maximum line size of a portfolio or the limit set in a policy (i.e. the
maximum loss a policy can have).
The truncated Pareto distribution can be defined using its CDF as:

𝐹(𝑥) =

𝜃 𝛼
1 − (𝑥 )

𝜃 𝛼
1−( )
𝑇

𝑤ℎ𝑒𝑟𝑒𝜃 ≤ 𝑥 ≤ 𝑇𝑓𝑜𝑟𝛼 ≠ 0

T is the truncation point i.e. the upper limit of the distribution. The kth moments of the Pareto
distribution can be defined as:
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𝜃 𝛼−𝑘
𝑘
1−( )
𝛼𝜃
𝑇
𝐸(𝑋 𝑘 ) = (
)(
) 𝑓𝑜𝑟𝛼 ≠ 0
𝛼−𝑘
𝜃 𝛼
1 − (𝑇 )

The lognormal distribution can be defined as the distribution of a random variable X such that the
logarithm of X has a normal distribution. It can be easily defined using its probability density function
(pdf) as:
𝑓(𝑥) =

1
𝑥𝜎√2Π

𝑒

−(ln(𝑥)−𝜇)2
(
)
2𝜎 2

The lognormal distribution has 2 parameters 𝜇 and 𝜎. The mean and variance are defined as:
𝑀𝑒𝑎𝑛 = 𝑒

(𝜇+

𝜎2
)
2 ; 𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒

2

= (𝑒 𝜎 − 1)𝑒 (2𝜇+𝜎

2)

Parameterisation of distributions
For the frequency, it is often easier to adopt the Poisson distribution because the variance and the
mean are equal. The Poisson parameter can be calculated using the historical loss information.
Let’s assume that there are n years of experience. Let’s write 𝐸𝑖 the measure of exposure in year i. The
exposure can be the amount of premium, a gross tonnage in marine insurance or the turnover of a
company. Let’s write 𝑁𝑖 the number of reported losses in year i. The expected number of losses in year
n+1, in other words an estimator of the Poisson parameter, can then be defined as:
𝜆̂ = 𝑁𝑛+1 = (

∑𝑖=𝑛
𝑖=1 𝑁𝑖
∑𝑖=𝑛
𝑖=1 𝐸𝑖

) 𝐸𝑛+1

For the severity, historical loss information can be used to fit a Pareto or a lognormal distribution. The
maximum likelihood method is used in order to derive the parameters of each distribution.
For the lognormal distribution it is complicated to write down an estimator of the parameters.
Statistical software’s such as R can be used.
For the Pareto distribution the shape parameter can be easily calculated. Let’s write N the total
number of losses across the whole loss history. Then we have:
𝛼̂
𝑀𝐿𝐸 =

where 𝑥𝑖 are individual losses.
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𝑁


𝑥𝑖
∑
ln( 𝜃 )
𝑖=1
𝑖=𝑁

The scale parameter is often defined based on personal judgement but it has to be defined below the
excess point of the reinsurance contract. As shown on the formula above, the choice of the scale
parameter has an impact on the shape parameter estimator. In general, reinsured provides their loss
information in excess of a threshold T which is below the reinsurance retention R. The scale parameter
has to be in the following range 𝑇 ≤ 𝜃 ≤ 𝑅.
In the case of a truncated Pareto the estimator of the shape parameter is a bit more complicated and
requires solving the following equation:
𝑁

𝛼̂
𝑀𝐿𝐸 =

𝑖=𝑁

∑
𝑖=1

𝑀𝐿𝐸
𝜃
𝜃 𝛼̂
𝑁.
𝑙𝑛
(
)
.
(
)
𝑥
𝑇
𝑇
(𝑙𝑛 ( 𝜃𝑖 ) −  {
})
𝛼̂
𝜃 𝑀𝐿𝐸
1 − (𝑇)

Statistical software like R are used in order to determine the shape parameter of a Truncated Pareto
distribution.
Monte Carlo simulation
Once a distribution has been chosen for the frequency and the severity, losses can be simulated. The
following process is followed.
123456-

2.

Simulation of the number of losses noted N using the frequency distribution
For each loss, simulate a cost using the severity distribution
Apply the reinsurance contract terms to each loss
Aggregate the results to get the loss to the reinsurance contract
Repeat step 1 to 4 n times (for example 10000 times)
Calculate the average (and other statistics) to get the final loss to the contract
(to get the variance, the return periods etc.)

Catastrophe coverage

Various methods exist to price cat covers although this is not trivial.
a)
Return period method
A basic approach that is commonly used is to assume a return period for CAT for the considered layer.
For example, a 1 in 25 years mean that once every 25 years the layer will be completely exhausted.
This approach is purely based on expert judgement. The expert judgement lies in the historical
experience and knowledge of the market from the underwriter.
For example, if a $10m xs $10m layer has to be priced and that the CAT element of the cover is
assumed to have a price of 1 in 25 years, then the CAT price would be:
𝐶𝐴𝑇𝑃𝑟𝑖𝑐𝑒 =
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1
 × 10,000,000 = 400,000
25

b)

Experience rating

In a similar way to the per risk cover, experience rating could be used if CAT type claims exist in the
loss history. However, these types of claims are very sparse and produce very volatile results. For
example, let’s assume that there is n years of historical experience and that there are in total N CAT
losses noted 𝐶𝑗 for the CAT loss number j. Let’s write 𝐸𝑖 the amount of exposure in year i, in general
the exposure is measured as the amount of premium. Then a basic price for CAT exposure could be
written as:
∑𝑗=𝑁
𝑗=1 𝐶𝑗
𝐶𝐴𝑇𝑃𝑟𝑖𝑐𝑒 =  ( 𝑖=𝑛 ) 𝐸𝑛+1
∑𝑖=1 𝐸𝑖
The factor 𝐴 = (

𝐸𝑛+1

∑𝑖=𝑛
𝑖=1 𝐸𝑖

) can be seen as the weighted average number of years of experience. In most

cases the historical experience won’t be more than 15 years. However, within the available loss history
it is possible to observe historical CAT losses that may not happen again for the next 3 decades. Hence,
it is possible that the basic CAT price as calculated above is pessimistic and that it does not reflect the
true exposure to CAT risk. In this case it is possible to readjust the price. For example, if the factor A is
0.1 i.e. 1 in 10 years, it can be reassigned a value of 0.04 i.e. 1 in 25 years. These adjustments are
purely based on personal judgement/expert judgement and understanding of the underlying risk.
c)

Exposure rating

Introduction
Exposure rating is suited for per risk cover pricing. In ANV we have developed an approach that consist
in using the exposure curve in order to have an approximate CAT price or rather a starting point to
help actuaries and underwriter to come up with a reasonable price.
This method can be useful if there are no CAT losses in the historical data and if return periods are
hard to define.
The idea is to use the total loss probability of each risk. In his paper “The Swiss Re exposure curve and
the MBBEFD distribution class” Stefan Bernegger shows that once an exposure curve has been
selected a total loss probability can be derived. The total loss probability is then multiplied by the
number of risks that falls into the layer. The resulting number is in fact a CAT ROL (Rate On Line). It
means that if it is 1% then 1 in 100 years the full layer will be used. This approach makes sense as in
the situation of a CAT all the risks that have an insured value falling into the layer will experience a
total loss.
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Illustration
In the exposure rating per risk cover section, the following parameters have been defined.
1

𝑑=𝑔

𝑔𝑐 = 𝑒 (0.78+0.12𝑐)𝑐

The total loss probability for a given exposure curve is basically the inverse of the g parameter. The g
parameter is entirely defined by the selected c parameter. Let’s assume there are n live risks in the
reinsured’s portfolio. Each risk has a sum insured noted 𝑆𝐼𝑖 for the risk number i. Some risks remain
below the retention (or excess point) of the reinsurance contract. Some are partially going through
the reinsurance contract. And some risks entirely go through the reinsurance contract. The diagram
below illustrates this. The risk one has 0% penetration. The risk 2 has 50% penetration and the risk 3
has 100% penetration.

Limit+Excess

$4m

SI 2

$2m xs $0m
SI 1

Excess Point
$2m
(or attachment point)

SI 3

LIMIT

$2m xs $2m

$0m
Risk
% Penetration

Risk 1
0%

Risk 2
50%

Risk 3
100%

Figure IV-22 CAT price using exposure curve

Let’s write 𝑝𝑟𝑖 the penetration rate of risk I into the reinsurance layer. The penetration rate is
calculated as:
𝑝𝑟𝑖 = 100%𝑖𝑓𝑆𝐼𝑖  ≥ 𝐿𝑖𝑚𝑖𝑡 + 𝐸𝑥𝑐𝑒𝑠𝑠
𝑝𝑟𝑖 = 0%𝑖𝑓𝑆𝐼𝑖  ≤ 𝐸𝑥𝑐𝑒𝑠𝑠
𝑝𝑟𝑖 =

𝑆𝐼𝑖 − 𝐸𝑥𝑐𝑒𝑠𝑠
𝑖𝑓𝐸𝑥𝑐𝑒𝑠𝑠 ≤ 𝑆𝐼𝑖  ≤ 𝐸𝑥𝑐𝑒𝑠𝑠 + 𝐿𝑖𝑚𝑖𝑡
𝐿𝑖𝑚𝑖𝑡

The total loss probability for the reinsurance layer, in other word the CAT rate On Line, can then be
defined as:
𝑖=𝑛

𝐶𝐴𝑇𝑅𝑂𝐿 = (∑ 𝑝𝑟𝑖 )  × 𝑑
𝑖=1
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For example, with the Lloyd’s exposure curve (i.e. c=5) then the total loss probability for each risk is
0.1008%. Let’s assume that the reinsurance layer is $2m xs $2m and that the reinsured’s portfolio is
made of 20 risks and each risk has an insured value of $10m. Therefore, a total loss on each risk would
produce a total loss to the reinsurance layer. The penetration rate is 100% for each risk. The CAT ROL
is then 2.0156% = 20 * 0.1008% which is a 1 in 50 years return period. It can be noted that it is assumed
that every risk will have a total loss and that the reinsurance contract will pay 20 times. The limitations
of this approach are therefore listed below:
Limitations
The limitations of this approach are:






The geographical spread of risks is not taken into account. It actually assumes that if a CAT
happens all the risks in the book will experience a total loss from the CAT. For example, in the
case of a hurricane wiping Florida, it would assume that all the properties insured in the
underlying book are there.
It assumes that every risk will experience a total loss which may not be true as some risks may
experience partial losses. In the case of a hurricane, some properties may have a location
which is less exposed to the hurricane hence creating a lower destruction rate.
It does not take into account the reinsurance contract terms in particular the AAL and the
AAD.

Hence as long as the modeller understands the limitations of this approach and has a good
understanding of the underlying risks (geographical spread and likelihood of being a total loss) the
CAT ROL derived from the exposure curve can be used as a good starting point. This is again just an
additional method to be used in conjunction with the other methods.
d)

Frequency-Severity model

As discussed in the section per risk cover, a frequency-severity model can be used to price CAT covers.
A Pareto curve can be used, instead of a truncated pareto, as it is heavy tailed and hence can produce
some very large CAT claims. However, given the low number of CAT claims it might be hard to calibrate
a Pareto curve. A standard approach would be to assume a standard shape parameter that is generally
accepted within the market practises.
e)

Event loss tables

An alternative to all these methods is to use outputs from CAT modelling firms such as RMS, AIR or
Equicat. Models exist to simulate weather scenarios. The location of each risk is set on a map and the
impact (destruction rate) of the weather scenarios on assets is then estimated. The output of the
model is an event loss table. Each event has an ID with a probability of occurring; an average loss
amount of the underlying book is calculated as well as a standard deviation. It is then possible to
estimate the price of the CAT cover by simulating each event using a Poisson distribution (its mean is
the probability for that specific event to occur) and a lognormal distribution using the average loss
amount and its standard deviation. The simulated losses are passed to the layer and recoveries are
calculated accordingly.
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3.

Adjustments to be made
a)

Reinstatement premiums

Let’s take the example given in the experience rating per risk covers.
The estimated loss to layer calculated above did not take into account the reinstatement premiums
(RIPs) that the reinsured has to pay the reinsurer in order to reinstate the cover. There are two ways
of dealing with this depending on whether you are in a lead or follower position.


If the reinsurer is a lead, a quote has to be provided to the broker; hence the ROL is unknown
and is precisely what has to be provided.

A probabilistic approach can be used in order to estimate the ROL. The estimated loss to layer
calculated in sections above B.1.a i.e. $1,059,798 is divided by the limit of the reinsurance contract.
This provides a Loss On Line (LOL).
𝐿𝑂𝐿 =

𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑𝐿𝑜𝑠𝑠𝑡𝑜𝐿𝑎𝑦𝑒𝑟
𝐿𝑖𝑚𝑖𝑡

In this case the LOL is 53%. It means that on average roughly every other year the coverage will be
entirely consumed. This can be seen as if there is 53% chance for a complete exhaustion of the layer
to happen. As this is an expected value, let’s assume the exhaustion of the layer follows a Poisson
distribution which mean and variability is LOL.
Let’s assume that there is only 1 reinstatement in place at 50%. As the reinsured will pay additional
premium to the reinsurer in order to reinstate the cover then the ROL that will be charged has to be
cheaper than the LOL. The ROL is the price to charge when the reinstatement is part of the contract.
For the reinsurer its position should be neutral i.e. should be the same with or without reinstatement.
Hence we can write the following equation where ROL is the unknown.
𝐿𝑂𝐿 = 𝑃(𝑁 = 0) ∗ 𝑅𝑂𝐿 + 𝑃(𝑁 > 0) ∗ (1 + 𝑅𝐼𝑃𝑝𝑒𝑟𝑐) ∗ 𝑅𝑂𝐿
Where N is the number of times the coverage is consumed. P(N=0) is the probability of having the
coverage not consumed under a Poisson distribution.
𝑃(𝑁 = 𝑘) = 

𝑒 −𝐿𝑂𝐿 ∗ 𝐿𝑂𝐿𝑘
𝑘!

The formula above means that if there are no reinstatement the reinsured will pay LOL to the
reinsurer. If there is 1 reinstatement @ RIPperc (in our example this is 50%), then the reinsured will
pay either ROL if there are no losses i.e. the coverage is not consumed at all or (1+RIPperc) times ROL
(in our example 1.5 times ROL) if there are at least one loss that consumes the whole coverage. For
the reinsurer both situations have to be equivalent. The formula above can be rewritten as:
𝑅𝑂𝐿 =
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𝐿𝑂𝐿
𝑃(𝑁 = 0) + 𝑃(𝑁 > 0) ∗  (1 + 𝑅𝐼𝑃𝑝𝑒𝑟𝑐)

𝑅𝑂𝐿 =

0.53
= 0.394
𝑒 −0.53 ∗ 0.53 + (1 − 𝑒 −0.53 ∗ 0.53) ∗ 1.5

Therefore, the price to charge for that cover with 1 reinstatement @ 50% on a per risk basis is 39.4%
for every $USD of coverage.
This formula can be generalised to several reinstatements @ various percentages as follow:
𝑟−1

𝑘

𝑟

𝐿𝑂𝐿[𝑟, 𝐿𝑂𝐿, 𝑅𝐼𝑃𝑝𝑒𝑟𝑐()]  =  (∑ 𝑃(𝑁 = 𝑘) × 𝑅𝑂𝐿 × [1 +  ∑ 𝑅𝐼𝑃𝑝𝑒𝑟𝑐(𝑗)]) + (𝑃(𝑁 > 𝑟 − 1) × 𝑅𝑂𝐿 × [1 + ∑ 𝑅𝐼𝑃𝑝𝑒𝑟𝑐(𝑗)])
𝑘=0

𝑗=0

𝑗=0

Where
r: number of reinstatement r>0
RIPperc():vector of Reinstatement percentages with a length of r and RIPperc(0)=0 by default


If the reinsurer is a follow, then the ROL is already determined and the question to answer for
the reinsurer is the profitability of the contract.

Let’s pursue the analysis with the example given in IV.B.1.a.
The contract was paying 20% ROL for $2m xs $2m. It means that the Minimum & Deposit premium is
$400k.The following reinstatement premiums (RIP) have been calculated for each year. The average
RIP payment as a percent of the loss to layer has been calculated as 6.9%.
Accident
Year
Y1

Adjusted GNEPI
($USD)
45,758,070

Final Loss to
Layer ($USD)
1,000,000

Burning
Rate
2.19%

Reinstatement
premium
100,000

RIP as % of Loss
to Layer
10.00%

Y2

55,359,647

1,000,000

1.81%

100,000

10.00%

Y3
Y4
Y5
Y6
Total

45,435,803
37,761,806
29,768,663
35,370,200
249,454,189

4,000,000
448,077
6,448,077

8.80%
0.00%
1.51%
0.00%
2.58%

200,000
44,808
444,808

5.00%
0.00%
10.00%
0.00%
6.90%

Figure IV-23 Reinstatement Premium calculation illustration

Renewal

Estimated Loss to
Layer ($USD)

ROL

1,059,798

20%

M&D
Premium
($USD)
400,000

Loss
Ratio

Estimated
RIP

Adj. LR for RIP

265%

73,108

224%

Figure IV-24 Adjusted LR for Reinstatement Premium

As the expected loss to layer is $1.1m for the renewed contract, the resulting estimated RIP is $73k
assuming 6.9%. The loss ratio to the reinsurer is 265% and the adjusted loss ratio is 224% which is a
reduction thanks to the additional premium income.
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b)

Brokerage and loading for profitability

Once the burn rate has been calculated i.e. the loss to the reinsurer for every $USD of premium written
by the reinsured, adjustments have to be made for the brokerage fees as reinsurance contracts are
always placed through the help of a broker like AON, Willis, JLT or Marsh to quote the biggest 4 ones
in the world. In general, on excess of loss contracts the brokerage is 10% of the reinsurance premium
and sometimes 15%. This is quite high compared to quota share where brokerage fees range from
2.5% to 5%. This is due to the complexity of placing an excess of loss reinsurance programme.
Another adjustment that needs to be made is the profit margin. The reinsurer has to make money
from the reinsurance contract sold. Depending on market conditions and the risk appetite of the
reinsurer profit margins can range from 40% to 15%.
Hence the technical rate, i.e. the rate that needs to be charged in order to allow for brokerage fees
and profit margin can be written as:
𝑇𝑒𝑐ℎ𝑛𝑖𝑐𝑎𝑙𝑅𝑎𝑡𝑒 = 

C.

𝐵𝑢𝑟𝑛𝑅𝑎𝑡𝑒
(1 − 𝑃𝑟𝑜𝑓𝑖𝑡𝑀𝑎𝑟𝑔𝑖𝑛) × (1 − 𝐵𝑟𝑜𝑘𝑒𝑟𝑎𝑔𝑒𝐹𝑒𝑒)

Other considerations

This section attempts to highlight additional aspects that need to be considered when pricing an XoL
layer.
1.

The issue of free cover

Introduction to the issue
Let’s take the same example as used in IV.B.1.a.
On the premium side the following was provided.
Calendar
Year
Y1
Y2
Y3
Y4
Y5
Y6
Renewal

GNEPI ($USD)
42,000,000
50,000,000
41,000,000
35,000,000
29,000,000
34,000,000
41,000,000

Rate
Change
4%
-2%
-3%
1%
0%
-4%
3%

Inflation
3%
0%
3%
2%
5%
3%
1%

RC.
Factor
0.95
0.96
0.99
0.99
0.99
1.03

Inf.
Factor
1.15
1.15
1.11
1.09
1.04
1.01

Adjusted
GNEPI ($USD)
45,758,070
55,359,647
45,435,803
37,761,806
29,768,663
35,370,200
41,000,000

Figure IV-25 Premium on levelling

On the claims side the following was provided. Note that the large $25m claims is a CAT claim and will
be excluded in this analysis.
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Accident Year
Y1
Y2
Y3
Y3
Y3
Y3
Y5
Y5
Y6
Y6

Incurred Loss ($USD)

LDF

5,700,000
3,652,000
4,543,000
2,594,000
3,304,000
3,366,000
25,000,000
2,901,000
1,694,000
1,526,000

1.00
1.00
1.01
1.01
1.01
1.01
1.06
1.06
1.26
1.26

Inflation Inf. Factor
3%
3%
3%
3%
3%
3%
3%
3%
3%
3%

1.19
1.16
1.13
1.13
1.13
1.13
1.06
1.06
1.03
1.03

Ultimate Adj. Loss ($USD)
6,806,098
4,233,669
5,189,107
2,962,920
3,773,896
3,844,714
28,113,850
3,249,139
2,198,938
1,980,861

Figure IV-26 Claims on levelling

Let’s rate two layers A and B with the following characteristics
Treaty Terms
Excess
Limit
AAD
AAL
1st Reinstatement
ROL

Layer A
2,000,000
5,000,000
20,000,000
0%
20%

Layer B
2,000,000
8,000,000
20,000,000
0%
20%

Figure IV-27 Treaty terms for two layers

Once the losses are passed through the layer A the following result is obtained:
Summary by accident year and loss cost - Layer A
Accident
Final Loss to Layer
Adjusted GNEPI ($USD)
Year
($USD)
Y1
45,758,070
4,806,098
Y2
55,359,647
2,233,669
Y3
45,435,803
7,770,637
Y4
37,761,806
Y5
29,768,663
1,448,077
Y6
35,370,200
Total
249,454,189
16,258,482
Figure IV-28 Burning Rate for layer A

So the final burn rate is equal to 6.52% of the total subject premium.
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Burning
Rate
10.50%
4.03%
17.10%
0.00%
4.86%
0.00%
6.52%

On other hand with the layer B, the following results are obtained:
Summary by accident year and loss cost - Layer B
Accident
Final Loss to Layer
Adjusted GNEPI ($USD)
Year
($USD)
Y1
45,758,070
4,806,098
Y2
55,359,647
2,233,669
Y3
45,435,803
7,770,637
Y4
37,761,806
Y5
29,768,663
1,448,077
Y6
35,370,200
Total
249,454,189
16,258,482

Burning
Rate
10.50%
4.03%
17.10%
0.00%
4.86%
0.00%
6.52%

Figure IV-29 Burning Rate for layer B

The results are basically the same. This is due to the fact that the largest adjusted loss in the claims
history is $6.8m. It means that no losses penetrate the coverage beyond that point. Hence the
coverage given by the layer B from $6.8 up to $10m is basically a free cover as no losses penetrate
into that zone to produce a burning cost. The diagram below illustrates this.

Limit+Excess - Layer B $10m

Limit+Excess - Layer A $7m
Rei nsured
Reinsure

$2m xs $0m
$0m

Figure IV-30 Illustration of the Free Cover issue
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$8m xs $2m

$5m xs $2m

Rei nsure

Excess Point - A & B $2m
(or attachment point)

$6.8 m loss - largest loss

$4m

LIMIT LAYER A

$6m

$2m xs $0m

LIMIT LAYER B

FREE COVER - $3.2m xs $6.8m

$8m

A solution
A solution to solve the issue of free cover is to use exposure rating as a proxy. Exposure rating could
be used to price the following layers: $5m xs $2m and $3m xs $7m. The price difference between
these two layers can be used as a proxy to price the $3m xs $7m layer for experience rating as
summarised in the table below. The price for the $3m xs $7m in exposure rating is half of the $5m xs
$2m layer’s price. Therefore, it is assumed that the $3m xs $7m layer in experience rating is half of the
6.52% cost established for the $5m xs $2m layer. The final total price is therefore 9.78% instead of the
initial 6.52%.
Burn Rate

Experience rating

$5m xs $2m
$3m xs $7m
$8m xs $2m

6.52%
3.26%
9.78%

Exposure
rating
8.00%
4.00%
12.00%

Figure IV-31 A solution to the Free Cover issue

However, one can argue that the issue of free cover is not an issue in fact but rather reflects, assuming
that the reinsured has sufficient loss history, that the underlying book is actually performing well.
Therefore, some credibility should be given to that good performance. Although that cover should not
be priced at zero as the reinsurer by providing this coverage has to put up some capital against it.
Hence the “correct” price should be somewhere between a minimum which is the cost of capital for
the reinsurer to provide that cover and the experience rating price calculated above thanks to the help
of the exposure rating.
The following section proposes one method to calculate a credibility factor. This method is rather basic
but its simplicity makes it easy to use. More sophisticated methods exist but have not been taken into
account in this work.
2.

Credibility between experience vs. exposure rating
a)

Introduction

Credibility factor is used in insurance to reward (penalize) risks that are better (worse) than the
average risk in a portfolio. In order to achieve this, a credibility factor has to be calculated. The
resulting premium for a risk is a weighted average between an a priori risk premium that would
represent an average risk premium for the portfolio and a risk premium solely based on the insured
own loss history.
̅ + (1 − 𝛼) × 𝜇0
𝜇̂𝛼 = 𝛼 ×  𝑋
𝑋̅ : The average risk premium of the insured based on its own loss history
𝜇0 : The average risk premium for the portfolio
𝛼 : The credibility factor
𝜇: The exact risk premium that should be charged
𝜇̂𝛼 : The estimated risk premium based on credibility factor 𝛼
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There are mainly two approaches to calculate credibility factors. The classical approach and the
Bayesian approach.
The Bayesian approach is the best one as it produces an estimator with the lowest variance, in other
words the error, in the estimation of the exact premium compared to any other approach.
𝐸[(𝜇̂𝐵 − 𝜇)2 ] ≤ 𝐸[(𝜇̂𝑍 − 𝜇)2 ]
𝜇̂:The
estimated risk premium based on Bayesian credibility factor
𝐵
𝜇̂:The
estimated
risk premium based on classical credibility approach
𝑍
E: The expected value

b)

Classical credibility

A classical approach to credibility is to use a simple formula to derive the credibility factor.
𝑛
𝛼=√
𝐹
Where F is the expected a priori value and n is the observed value. The square root function, is concave
between 0 and 1, hence it enables to give greater credibility to the experience as soon as some
experience is observed against the expectations.
For example, if F represents the expected claim frequency says 10. If a risk in a portfolio has on average
over the last 10 years 5 claims, then the ratio would be 50%. In order to give more credibility to the
experience the square root function is used and the resulting credibility is 70%.

Figure IV-32 Classical Credibility using the Square Root function

This approach is easy and straightforward to put in practice. However, it is not the best credibility
approach. The risk premium calculated using this approach is an estimator of the true exact risk
premium. The variance (or error) to the exact risk premium can be reduced using another approach,
the Bayesian approach.
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c)

Bayesian Credibility

Bayesian approach
The exact risk premium for a risk in a portfolio can be defined as:
𝜇(𝜃) = 𝐸[𝑋𝑛+1 |𝜃]
X is a random variable representing a loss for a risk in the portfolio. X is following a distribution that is
defined on a set of parameters 𝜃 . Therefore, the exact risk premium to charge in year n+1 is the
expected value of the random variable X.
On other hand, the portfolio is made of various groups of risks. The 𝜃 set of parameters is used to
reflect the difference between these groups of risks. The 𝜃 set of parameters is assumed to be a
random variable and to follow a distribution which CDF can be noted U.
In that case, the average risk premium for the portfolio can defined as:
𝜇0 = ∫ 𝜇( 𝜃)𝑑𝑈(𝜃) = 𝐸[𝑋𝑛+1 ]
𝜃

The integral above is simply a weighted average of each exact risk premium for each risk. The weights
are the probability of having a certain 𝜃 parameters.
The Bayesian premium can then be defined as:
𝜇𝐵 (𝜃) = 𝐸[𝜇(𝜃)|𝑋]
The Bayesian risk premium means that it is conditional to the historical loss experience of the risk
considered. X in the equation above represents the set of historical losses from year 1 to n.
In order to calculate the Bayesian premium stated above, one needs to know the underlying
distribution of the random variables X and 𝜃. In practice this is almost impossible to know. On other
hand, even if these distributions were known, an analytical result for the Bayesian premium might not
exist. Even if it does it might be too complicated to implement.
The idea of credibility is to weight the average experience against individual experience in a linear
formula using a credibility factor, as shown in the introduction, without the need of defining
distributions and solely based on historical loss information.
A linear Bayesian approach
The Bühlmann model is a Bayesian linear approach to derive a credibility weighted risk premium. If a
portfolio is made of I risks and that the portfolio has n years of history.
The formula is:
̅
̅
𝜇̂
𝐵 (𝜃) = 𝛼𝑋𝑖 + (1 − 𝛼)𝑋
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Where:

𝛼=

𝑛
𝜎2

𝑛+ 2
𝜏

: Is the credibility factor

1
𝑋̅ = 𝑛×𝐼 [∑𝐼𝑖=1 ∑𝑛𝑗=1 𝑋𝑖𝑗 ] : is the natural estimator of 𝜇0 the average risk premium for the portfolio
1
𝑋̅𝑖 =  ∑𝑛𝑗=1 𝑋𝑖𝑗 : is the average risk premium of the risk I solely based on its own experience
𝑛

𝑋𝑖𝑗 : Is a loss in year j for the risk i
The estimators of 𝜎 and 𝜏 are unbiased and convergent, defined as:
𝐼

𝜎̂2 =

𝑛

1
∑ ∑  (𝑋𝑖𝑗 − 𝑋̅𝑖 )2
𝐼(𝑛 − 1)
𝑖=1 𝑗=1

𝜏̂2 =

𝐼
1
𝜎̂2
∑(𝑋̅𝑖 − 𝑋̅)2 −
𝐼−1
𝑛
𝑖=1

𝜎: It represents the internal variability of an individual risk over years. 𝜏: It represents the overall
variability in the portfolio between risks.
Some comments can be made regarding the credibility factor.






The higher the number of years of experience n, the higher is the credibility factor. This makes
sense as the more data is available the more credible is the experience of each individual risk.
The smaller the variability of a risk over years, the bigger the credibility factor. If a risk has
every year an average loss that doesn’t vary much, then trust can be put into experience
rating.
The bigger the variability in the portfolio across risks, the bigger the credibility. If each risk is
very different from each other then it is better to rely on each risk’s experience.
The Bühlmann credibility factor is simple to execute, it is linear and Bayesian, however it is
not as good as a pure Bayesian credibility factor. The estimation error in the risk premium is
higher in this case but still better than the classical credibility approach.

The Bühlmann and Straub model could be introduced as well but the only difference with the
Bühlmann model is that weights of each risk are taken into account. In an insurance context, that
weight could be the amount of exposure that each risk represents.
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d)

Bayesian vs. Classical approach

In his paper “An actuarial note on credibility parameters” Howard C. Mahler shows that it is possible
to use the classical approach as a good approximation of the Bayesian approach.
𝑛

A Bayesian credibility factor can be written as 𝑍𝐵 = 𝑛+𝑘 where 𝑘 =

𝜎2
𝜏2

as explained in the section

𝑛
𝐹

above. The classical approach can be written as 𝑍𝐶 = √ . The number n can represent the exposure
amount i.e. number of years of experience or the number of claims observed.
The author attempts to find a relation between the factor k and the factor F that would reduce the
difference between the two credibility factors. Let’s find the relation between k and F that would
give𝑍𝐵 = 𝑍𝐶 = 𝑍. After a few calculation this leads to 𝑘 = 𝐹𝑍(1 − 𝑍)
𝐹
𝑘

1
𝑅

Let’s define 𝑅 = . Then we have = 𝑍(1 − 𝑍).
If one wants the two credibility curves to match at Z=0.5 then the value for R is 4. Let’s assume that
there is enough historical data and that the factor k has been calculated using the Bühlmann credibility
as explained in the previous section. Then in order to have the classical credibility to match the
Bayesian credibility at 50% one need to take F to be equal to 4 times k.

Figure IV-33 Classical vs. Bayesian Credibility to match at 50%

If one wants the two curves to match for Z=0.1 then the R factor is around 11.11.
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Figure IV-34 Classical vs. Bayesian Credibility to match at 10%

However, one is interested in having the two curves as close as possible over the whole range. Hence
one criterion could be to choose the factor R such that the maximum difference between the two
curves is reduced to a minimum. In his paper, the author finds that for a value of R=6.75 this is
achieved.

Figure IV-35 Classical vs. Bayesian Credibility with minimum difference
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As explained in the section about the Bayesian approach, it provides the best credibility factor in terms
of variance or error. Hence any other approach chosen can only increase the variance i.e. the error
from the true exact value. Therefore, another criterion could be to choose the R factor such that the
increase in variance is minimal. The author founds that this is achieved for a value of R=8.

Figure IV-36 Classical vs. Bayesian Credibility with minimum variance

Overall the credibility theory is used as a guidance to establish a final risk premium in order to take
into account the insured’s own experience. The work above shows that the differences between the
classical and the Bayesian approach are not that significant. In the real world applications this level of
accuracy can be more than acceptable as other considerations such as the market rates, the overall
portfolio strategy, the aggregation of risks, the cost of capital has to be taken into account when
writing policies.
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e)

Application to reinsurance

Introduction
In reinsurance, it is hard to adopt a Bayesian approach for credibility as the amount of data given the
nature of the product is very small. Only a few claims in ex cess of a certain threshold exist. For that
reason, the classical credibility approach has been used and implemented in the reinsurance rater that
ANV uses.
𝑍𝑐 = √

𝑛
𝐹

In the sections above the credibility was about a risk with its own experience against the overall
portfolio experience. In reinsurance the credibility weighting is between exposure rating and
experience rating.
The method
In classical credibility the factor F would be the expected claim count or average claim of the overall
portfolio. In reinsurance the factor F would be the claim count expected using exposure rating. The
factor n would be the average on levelled claim count from experience.
The latter is relatively easy to calculate. See section IV.B.1.a where claims are on levelled for inflation,
premium for rate changes. The number of claims above the retention is calculated and divided by the
on levelled historical premium in order to have an average frequency. The renewing premium is then
applied to the frequency in order to estimate the claims count for the renewing exposure.
To calculate the parameter F, the exposure curve is used. We use the exposure curves to calculate the
probability of having a claim to the layer. The derivative of the exposure curve actually provides the
survival distribution of the underlying claims (see section C.2.b.2).
𝐺′(𝑥)

1 − 𝐹(𝑥) = 𝐺′(0) It represents the survival distribution of the random variable x i.e. the probability
of having a loss in excess of x. It appears that it is equal to the derivative of the exposure curve at the
point x divided by the derivative of the exposure curve at its origin. In this case the probability A and
B shown on the diagram below are calculated as follow:
𝐵=
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𝐺′(𝑥2 )
𝐺′(𝑥1 )
𝐿𝑖𝑚𝑖𝑡 + 𝑅𝑒𝑡𝑒𝑛𝑡𝑖𝑜𝑛
𝑅𝑒𝑡𝑒𝑛𝑡𝑖𝑜𝑛
𝑎𝑛𝑑𝐴 =
𝑤ℎ𝑒𝑟𝑒𝑥2 =
; 𝑥1 =
𝐺′(0)
𝐺′(0)
𝐼𝑛𝑠𝑢𝑟𝑒𝑑𝑉𝑎𝑙𝑢𝑒
𝐼𝑛𝑠𝑢𝑟𝑒𝑑𝑉𝑎𝑙𝑢𝑒

B= Probability for a loss to be above the layer
Limit+Retention

Limist xs Retention

B-A=
probability
for a risk to
incur a
claim into
the layer

Retention
A= Probability for a loss to enter the layer

Figure IV-37 Credibility, calculation of expected claim number to layer

The difference between B and A provides the probability for a risk in the portfolio to fall into the
reinsurance layer. The expected number of claims expected to fall into that reinsurance layer is then
obtained by multiplying that expected probability by the number of risks in the portfolio. The resulting
number is the factor F.
This approach is applied individually for each band in the risk profile.
Limitations of classical credibility


In the situation where the reinsured does not have a single claim for 10 years, the method
would give 100% credibility to the exposure rating and 0% to the experience rating. However,
even if a credibility factor for the clean experience should be given on working layers, this
method would always suggest giving more weight to the exposure rating on top layers which
is the reasonable selection to make.
Consideration therefore needs to be given to the expected return period (market Rate on Line)
and the number of historical years and claims provided.



The method is purely based on the claims frequency. The severity of the claims is not taken
into account, which might be seen as a limitation.

It has to be noted that the limitations of this method are well understood by the Actuarial and
Underwriting Teams. The Underwriter has the ability to select a different credibility factor when he
judges that the credibility factor suggested by the Pricing Tool is not appropriate.
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V.

Applications on a Cargo book

The theory explained in the section IV has been implemented into an Excel based rating tool. The Excel
rater does experience rating and exposure rating. The rating engine is using the software R in order to
do simulation and curve fitting. Rexcel is used in order to have R and Excel to work together.
In the next sections, one numerical applications will be made on marine cargo data. The data stems
from ANV’s clients. The rating engine is connected to an Access database. Hence every time a client’s
data is used in order to price XoL reinsurance layers every information is recorded into the database.
The most important information for modelling are:




The clients’ income
The clients’ risk profile (exposure table)
The clients’ historical losses

Due to the privacy of the data, the data of multiple clients was aggregated making it impossible to find
out what the original data for each client was.

A.

Data

The data is made of 22 clients that ANV is reinsuring.
Loss Data
There are 211 losses attaching to year of accounts that spans from 2005 to 2014. The losses are in
excess of $200k. The table below summarise the data.
Min.
294 900

1st Qu.
977 100

Median
2 196 000

Mean
4 669 000

3rd Qu.
4 062 000

Max.
201 000 000

Figure V-1 Cargo claims statistics

There are 3 losses that have been categorized as CAT losses. These are:
YOA
2011
2014
2009

Incurred
185 651 748
55 874 000
53 138 599

On Levelled
200 955 423
71 826 362
59 842 693

Figure V-2 Cargo CAT claims

The remaining 208 losses have been classified as risk losses. The losses have been developed to
ultimate using Lloyd’s benchmark development pattern. An inflation of 2% has been applied across all
the years to bring the losses to today’s terms. The empirical distribution of the losses can be viewed
on the plot below.
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Figure V-3 Cargo claims empirical distribution excluding CAT claims

Exposure Data
The exposure data of the 22 clients has been aggregated in the following bands. This represents all
the live exposures that the clients have in their portfolio. For example, there are 21 risks that have an
insured value in between $300m and $400m. The total premium collected from these risks amount to
$11 994 376.

Cargo
LB

UB

Premiums

Risk Count

-

100 000

5 262 829

3 586

100 001

250 000

49 873 086

9 075

250 001

500 000

177 097 323

29 248

500 001

750 000

8 324 734

1 200

750 001

1 000 000

5 818 036

930

1 000 001

1 500 000

30 108 216

1 995

1 500 001

2 000 000

90 356 030

4 198

2 000 001

3 000 000

209 243 751

32 161

3 000 001

4 000 000

175 393 955

5 661

4 000 001

5 000 000

23 403 440

1 013
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5 000 001

6 000 000

7 339 903

178

6 000 001

7 000 000

86 049 350

1 874

7 000 001

8 000 000

87 353 415

73 055

8 000 001

9 000 000

96 119 919

1 600

9 000 001

10 000 000

6 031 295

160

10 000 001

12 500 000

92 099 777

1 958

12 500 001

15 000 000

27 065 892

459

15 000 001

20 000 000

89 326 998

1 999

20 000 001

25 000 000

49 965 362

717

25 000 001

30 000 000

25 972 136

305

30 000 001

40 000 000

37 412 815

562

40 000 001

50 000 000

8 466 170

78

50 000 001

75 000 000

17 328 015

99

75 000 001

100 000 000

11 767 059

8

100 000 001

200 000 000

23 973 200

41

200 000 001

300 000 000

22 401 204

62

300 000 001

400 000 000

11 994 376

21

400 000 001

500 000 000

-

-

500 000 001

1 000 000 000

-

-

1 000 000 001

2 000 000 000

-

-

Figure V-4 Cargo book's risk profile

Income Data
The aggregated premium income for the 22 clients from Cargo insurance for years of account from
2005 to 2015 are as follow.
YOA

Cargo

2005
2006
2007
2008
2009
2010
2011
2012
2013
2014

162 895 449
623 863 846
711 924 331
1 009 610 760
1 312 668 825
1 587 196 120
1 677 618 335
1 773 742 338
1 783 621 923
1 808 200 347

2015

1 911 728 923

Figure V-5 Cargo book's income
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This can be summarised in the graph below. As it can be seen, the amount of business written has
increased significantly since 2005. The premium has been on levelled for rate changes using the Lloyd’s
benchmark rate change for cargo business. No inflation adjustment has been made. This means that
the underlying coverage have not changed. The primary insurer has not increased their lines i.e. the
sum insured have remained stable.

Figure V-6 Cargo book's income

B.

The reinsurance programme

Let’s assume the following reinsurance programme has to be priced. There are 5 layers sitting on top
of each other. The reinsured’s retention is $10m. The highest layer is $600m xs $400m. This layer is a
CAT layer as the highest sum insured is $400m. The first layer has an AAD of $10m. This is to protect
the reinsurer as the first layer has a lot of loss activity. This is a working layer, historically 12 risk losses
have touched the layer in addition to the 3 CAT losses. The first layer has 3 reinstatements at 100%,
this is again because it is a working layer so it is very likely to be fully used by risk or CAT losses, hence
the need to the reinsured to reinstate that layer several times. The second layer has 2 reinstatements.
The third one has 1 reinstatement and the last two layers have none. The last two layers have a lower
probability of being touched hence there is no need to have reinstatement on them.
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Figure V-8 Cargo programme layers

Based on this programme the reinsured
exposure is split as follow. It can be noticed
that most of the premium exposure i.e.72% is
below the retention point i.e. $10m hence
the reinsurer is not exposed to those risks if a
risk type loss occurs. If a CAT type loss occurs
the reinsurer would be exposed to those
risks. In terms of risk count, 96% of the risks
are below the retention point. There are only
a very few risks i.e. 0.07% of the total
exposed to the $300m xs $100m layer, yet
they represent almost 4% of the premium
Figure V-7 Cargo programme layers
collected by the reinsured. The graph below
clearly shows the motivation for an insurer to buy XoL reinsurance. Only a few risks have insured
values beyond $10m. The insurer would like to cap its exposure to $10m yet writing these risks as they
are paying a significant amount of premium. On other hand the insurer wants to protect itself against
any potential CAT loss. In this case risks with any insured value may aggregate if a CAT happens and
the cost to the insurer can reach the $billion mark. The total exposure of the insurer on average is
around $850 billion. That is why the last layer has been bought.
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Figure V-9 Cargo book's exposure to programme layers

If historical losses were put through the RI programme, the recoveries shown in the table below would
have been made. It appears clearly that almost every year the first layer is producing recoveries. This
is called a working layer. This is the reason why an AAD of $10m has been put in place in order to
reduce the losses to the reinsurer. 2014 has $21m recoveries, this suggest to the reinsured that
reinstatement should be purchased. The CAT loss of $200m that happened in 2011 goes through every
layer and produce $100m recovery on the $300m xs $100m layer.
The issue of free cover can be seen in the table below. For the 4th layer where $300m of limit is
provided, only $100m has been used in the last 10 years. If a pure experience rating approach was
taken, the limit provided between $200m and $400m would be priced at nil i.e. would be free. The
same thing can be said on the last layer where there are no losses. However, the price for this layer
can’t be nil as the reinsurer provides its capacity and has to put capital due to solvency 2 regulations
in order to provide this cover.
Historical losses to Layers
YOA
2005
2006
2007
2008
2009
2010
2011
2012
2013
2014

10m xs 10m
xs 10m
10 958 783
1 469 889
6 615 809
10 000 000
10 331 899
1 989 047
4 649 369
21 318 316

20m xs 20m
xs 0m
4 433 328
20 000 000
20 000 000
20 000 000

60m xs 40m
xs 0m
19 842 693
60 000 000
31 826 362

300m xs 100m
xs 0m
100 955 423
-

Figure V-10 Cargo claims historical loss to layers
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600m xs
400m xs 0m
-

Historical loss count to layers
10m xs 10m
xs 10m
2
1
0
1
1
0
2
1
3
4

YOA
2005
2006
2007
2008
2009
2010
2011
2012
2013
2014

20m xs 20m
xs 0m
1
0
0
0
1
0
1
0
0
1

60m xs 40m
xs 0m
0
0
0
0
1
0
1
0
0
1

300m xs 100m
xs 0m
0
0
0
0
0
0
1
0
0
0

600m xs
400m xs 0m
0
0
0
0
0
0
0
0
0
0

Figure V-11 Cargo claims historical loss count to layer

C.

Model assumptions
1.

The selection of Pareto distribution

One may wonder why a Pareto curve is suited to simulate Large/CAT losses. The following tests have
been made in order to assess the suitability of a Pareto curve.
In extreme value theory the mean excess plot is a good way to know if the data is distributed according
to a Pareto distribution. The mean excess plot has been built using R. The result below suggests that
the data can be modelled using a Pareto distribution as it looks like a straight line.
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Figure V-12 Mean Excess Plot

The QQ plot can also be shown. It has been built using R. The data points seem to be aligned on the
straight line which confirm the appropriateness of a Pareto curve.

Figure V-13 QQ Plot

In the next section statistical test such as Kolmogorov-Smirnov are shown to support this view.
2.

Scale parameter of the Pareto distribution

There are in reality 2 frequency severity models. The first one is for the risk type losses and the second
one for CAT type losses. The frequency distribution used is always Poisson. The severity distribution
used for risk type losses is lognormal distribution. The lognormal distribution fits that purpose as it is
an intermediary heavy tailed distribution enabling to simulate some large losses but also some
attritional losses. The Pareto distribution is used to simulate Large/CAT type losses. This fits that
purpose as Pareto is a heavy tailed distribution.
A cut off point has to be chosen, in other word the scale parameter of the Pareto distribution. This
represents the point from which the Pareto distribution starts and hence Large/CAT type losses will
be simulated. The Pareto distribution will be fitted based on all losses beyond that threshold.
The lognormal distribution will be fitted to all losses excluding the losses flagged as CAT, there are 3
of them in this example.
It is not easy to find out the threshold, however several criteria can be taken into account.


The first criterion is qualitative; the threshold has to be chosen so that there are enough data
on both sides of the threshold so that the curve fitting can be done.
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The second criterion is also qualitative and depends on the starting point of the reinsurance
programme. As XoL RI is to protect against Large/CAT claims, it is better to start the Pareto
distribution before the start point of the RI programme i.e. $10m in this case.
The third criterion is quantitative and relies on the Hill estimator of the shape parameter seen
in the extreme value theory. The Pareto distribution has the particularity of having a stable
shape parameter whatever the threshold chosen is. Therefore, if the Hill estimator is plotted
the threshold can be determined as the point where the estimator is stable.
The Hill estimator is:
𝑘

𝐻𝑖𝑙𝑙
𝛼𝑘,𝑛

1
= ∑ ln(𝑋(𝑖) ) − ln(𝑋(𝑘+1) )
𝑘
𝑖=1

If $10m was chosen as the threshold, then there would be 15 losses above to fit a Pareto curve. This
seems to be not enough, therefore the threshold has to be lower than $10m.
The hill estimator has been plotted below using the function hillPlot in the package fExtremes in R and
it shows that the estimator is gaining some stability beyond the 175th largest loss (see in between the
red lines on the graph below). The 175th largest loss is about $5.5m. This means that if that threshold
is chosen there will be 31 losses to fit a Pareto curve, this is the double of the number of losses beyond
$10m. Therefore, the threshold is chosen to be $6m.

Figure V-14 Hill estimator
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3.

Curve fitting and simulation

Once the threshold has been chosen Lognormal and Pareto curves can be fitted. The fitting of
lognormal curve is done within R using the function fitdist, it is using maximum likelihood approach.
For the Pareto curve, the maximum likelihood is used to estimate the shape parameter. This can be
done easily within Excel as the estimator of the shape parameter has a simple analytical expression. A
truncated Pareto distribution with an upper limit set to the maximum line size of the reinsured i.e.
$400m is also fitted.
The parameters for both curves are as follow:

Pareto
Lognormal

Scale/Mean

Shape/Std Dev

Frequency

6 000 000

1,51

4,76

14,48

1,02

4.76

Figure V-15 Severity curves' parameters

After adjustment for growth in premium income, it has been estimated that the number of expected
losses beyond the $6m threshold is 4.76. Poisson distribution is used to simulate the number of losses
in each scenario.
The next 3 graphs show how the lognormal curve fits to the data excluding the 3 Cat losses. The first
one shows the probability density function (pdf) fit. The second one shows the cumulative distribution
function (cdf) of the fitted lognormal and the empirical cdf. The third graph shows a q-q plot to validate
the choice of a lognormal curve for irks type losses.

Figure V-16 Lognormal fit to Cargo claims PDF
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Figure V-17 Lognormal fit to Cargo claims CDF

Figure V-18 Lognormal fit to Cargo claims QQ plot
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The following graphs show the fitting of the Pareto curve to the losses beyond the $6m threshold.

Figure V-19 Pareto fit to Cargo claims CDF

Figure V-20 Pareto fit to Cargo claims 1-CDF
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The Kolmogorov –Smirnov test has been executed in R to check whether statistically these fittings can
be validated. The results confirmed the selections. The p-value for the Pareto test is at 45% which is
well above 5%, if 5% was the threshold chosen to reject the distribution. The p-value for the lognormal
test is at 11% which is good enough to keep that distribution.

Figure V-21 Kolmogorov Smirnov test for Pareto and Lognormal

If a closer look is given to the tail of the empirical distribution i.e. beyond the 95% quantile. It can be
clearly seen that the lognormal distribution is not heavy enough in the tail to produce Large/CAT losses
beyond $100m. The Truncated Pareto distribution is heavier but dies off at $400m due to the upper
limit. The Pareto distribution is heavy enough to produce CAT type losses beyond the $400m point.

Figure V-22 Comparison of distribution at the tail
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Once a Lognormal and Pareto distributions have been fitted some assumptions have to be made
regarding the claims modelling. In this model, it has been assumed that the Pareto distribution is the
best representation of claims beyond the $6m threshold. This can be confirmed by the KS-Test and
the various graphs plotted above. However, this would simulate all possible losses i.e. CAT and Risk
losses. As shown above, there are 4.76 claims expected beyond the $6m threshold. Therefore, the
Pareto distribution with 4.76 expected claims is chosen to simulate the total losses to the layers. In
order to get the risk and the cat component, the fitted lognormal distribution is used. The expected
4.76 claims are simulated assuming it is distributed following the tail (beyond the $6m threshold) of
the lognormal distribution. The resulting claims represent the risk losses. Those losses are subtracted
from the losses simulated by the Pareto curve in order to have the CAT losses. This can be summarised
in the graph below. The blue area represents the risk type losses and the red area the CAT component.
This is to say that the Pareto distribution embeds both risk and cat losses and that lognormal
distribution is assumed in order to estimate the risk element.

Figure V-23 Cargo severity distributions for CAT and Risk losses
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4.

Other assumptions

This section relates to assumptions used in the exposure and experience rating.
Exposure rating
For cargo the underlying exposure curve is assumed to have a parameter of c=6.5. It is possible to shift
that curve upwards or downwards by 0.5 i.e. the curve can be based on a parameter of 6 or 7. This is
selected by the user and depends on the propensity of the underlying book to produce large losses.
The exposure curve used in Lloyds in general is one with a parameter of c=5. This means that compared
to the Lloyd’s one the cargo book should have lower propensity to produce large losses. This can be
seen on the plot below.

Figure V-24 Cargo exposure curves

Another crucial assumption is the loss ratio for the underlying book. The market benchmark suggests
that 75% is a reasonable starting point. If the book is deemed better another loss ratio can be used.
In this numerical application 75% is used.
Experience rating
In terms of claims and premium on levelling the following assumptions have been used.
Loss development factor has been derived from market data. As shown on the graph below, if a claim
is open, the following pattern is applied to develop it to ultimate.
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Figure V-25 Cargo loss development curve

For inflation a starting point is to apply 3% on average across all years. In this example an inflation of
2% has been assumed in order to bring historical losses to today’s terms.
Inflation is assumed to be nil for premium, however historical rate change has been applied to on level
premium to today’s market condition. The rate change for cargo is provided by the market. Rate
changes for 2012 and 2013 are not available at this stage but given the recent stability in rate changes
it has been assumed to be nil for those years too.

Figure V-26 Cargo historical pure rate change within the Lloyd's market
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D.

Results

The results provided by the different method would be shown first. Sensitivity tests on assumptions
will be carried as well. Then credibility results will be used in order to get to the final results that
reflects the best the risk the reinsured has and gives credibility or not to its historical experience.
The brokerage fee used across all the layers is 10% and the margin required has been set at 25%.
1.

Experience rating

Burning cost
The graph below shows the amount of recoveries calculated for each layer and split between risk and
cat. It can be noticed that beyond layer 2 only the CAT component is driving the price, although there
are risks that have insured values that can fall into these layers. Therefore, it can be said that if the
experience rating was used the risk component beyond layer 2 would be free to the reinsured.
However, this does not tell us much in order to compare the layers between them and to have a sense
of the market price. Therefore, the LOL (Loss on Line) adjusted for reinstatement premium, brokerage
and margin is rather used.

Figure V-27 Cargo experience rating by layer

Technical ROL
The technical ROL (Rate on Line) to charge, if experience rating was used on its own, for each layer
should be as shown in the graph below. Based on experience rating, the layer 5 is free which is non
sense as there is the cost of capital for the reinsurer to provide this cover. The second layer is showing
an expensive technical ROL of 49.6% which looks very hard to achieve in the market place where ROL
of 35% are considered to be the highest a client would accept to pay. A solution could be to introduce
an AAD or to accept that the layer 2 will be unprofitable and spread the loss on the remaining layers
by increasing their ROL such as on layer 4 and layer 5. Layer 3 looks also expensive at 33.9%. Layer 1
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has an acceptable price given it is a working layer highly exposed to potential losses. The layer 4 looks
acceptable. Over whole the reinsurance programme should be priced at 5.6% ROL for the reinsurer in
order to achieve an expected 75% loss ratio after brokerage fee.

Figure V-28 Cargo experience rating by layer ROL

Benefit of the AAD
The graph below shows the benefit of having an AAD on the first layer. If the AAD was not in place
the technical ROL would have been of 76.3%. It can be also noticed that the AAD reduced both risk
and CAT type losses.

Figure V-29 Cargo experience rating benefit of AAD
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From LOL to ROL
The waterfall graph below shows how the final technical ROL is calculated from the initial LOL which
is the pure burn rate for the whole reinsurance programme. Similar graphs can be produced per layer.
The RIPs has a beneficial impact for the reinsured. It reduced the LOL by 0.7% point. The reinsurer has
then to build in an allowance of %10 for brokerage and 25% margin for profit.

Figure V-30 Cargo experience rating LOL to ROL

2.

Exposure rating

If the exposure rating was selected, the following recoveries would be expected to be made on each
layer based on the current risk profile of the reinsured. As expected most of the recoveries are risk
based as the exposure rating is primarily fit to price risk based reinsurance contracts. The difference
with the experience is very striking as most of the recoveries were CAT driven in the experience rating.
As expected there are no recoveries in layer 5 as that layer is in excess of $400m and the maximum
line size is $400m. This is where the need for frequency severity type modelling is needed in order to
estimate the potential CAT that could trigger losses in that layer. The historical experience only spans
over 10 years, it is possible that a one in 25 years of 1 in 50 years or 1 in 100 years CAT has an
aggregated cost of more than $1bn and therefore the layer would produce recoveries.
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Figure V-31 Cargo exposure rating by layer

In terms of technical price, the following would be charged. Overall the technical ROL is estimated to
be 2.4% which is almost half of the technical ROL derived from experience rating. This is mainly due
to the CAT losses that exist in the experience and the lack of the exposure rating in estimating CAT
losses. The first two layers are very expensive under the exposure rating. This can make sense as most
of the exposure is on the first two layers. Section A shows that about 14% of the client’s exposure fall
in the first layer and 7% in the second layer which is significant given that 72% of client’s exposure is
retained i.e. below the $10m retention. The 3rd and 4th layer are cheaper under an exposure rating
method than under an experience rating method this is due to the CAT losses that exist in the
experience and goes through these layers.

Figure V-32 Cargo exposure rating by layer ROL
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The benefit of the AAD on the first layer has also been estimated for exposure rating. If the AAD was
not in place the technical ROL would have been of 91.3% instead of 56%.

Figure V-33 Cargo exposure rating benefit of AAD

The graph below shows how the technical ROL is derived.

Figure V-34 Cargo exposure rating LOL to ROL
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3.

Frequency severity

The frequency severity model produce results that rather make sense in terms of CAT vs. risk split. The
recoveries originating from risk losses are almost nil beyond layer 3. This make sense as only a very
few risk have insured value beyond $100m. In fact, there are 124 risks against 172244 risks in total.
Unlike experience and exposure rating, frequency severity model produces recoveries in the 5th layer.
This is thanks to the use of a Pareto distribution which belongs to heavy tailed distributions.
In aggregate the experience rating is dominated by CAT losses (95% of recoveries) while the exposure
rating is dominated by risk type losses (85% of recoveries). The frequency severity model produces
result where CAT represents 78% of recoveries. In that sense the results presented by that model
make more sense as XoL is mainly used to cover reinsured against CAT type losses.

Figure V-35 Frequency Severity rating by layer

In terms of technical ROL the first two layers are more expensive than what the exposure or experience
rating would suggest. Therefore, under this model it is expected on average that the first two layers
will be loss making for the reinsurer as such technical ROL can’t be achieved in the market place. On
aggregate the ROL is at 3.8%. This is somewhat in between the exposure and the experience rating.
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Figure V-36 Frequency Severity rating by layer ROL

If the AAD was not in place on the first layer the technical ROL would have been of 84.4% against
55.3% with the AAD. The AAD help reduce the price by almost a third.

Figure V-37 Frequency Severity rating benefit of AAD

Finally, the graph below shows how the final technical ROL is obtained.
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Figure V-38 Frequency Severity rating LOL to ROL

4.

Summary

The bubble plot below shows for each layer on the horizontal axis the corresponding technical ROL
that each method gives on the vertical axes. The size of the bubble is determined by the amount of
recoveries made by the reinsured. For example, for the 1st layer the frequency severity model provides
the highest ROL, it is then followed by the exposure rating and then the experience rating. The
experience rating is very small compared to the other two. This gives an idea of how far from each
other are the methods for each layer. On the second layer we can see that experience and frequency
severity model are almost perfectly overlapping with exposure rating not too far away. On the 3rd layer
we can see that the experience rating is providing the highest ROL while frequency severity model and
exposure rating are not too far from each other.

Figure V-39 Comparison of ROL by rating method for layers 1 to 3
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For layer 4 all methods are providing very divergent results. Experience rating is the highest one due
to a CAT loss. On layer 5 only the frequency severity model produces some recoveries. In aggregate
(see layer 6) it can be seen that the frequency severity model is in between the experience and the
exposure rating. The FS model takes into account all the range of possible outcomes by simulating
10000 scenarios. The model strongly relies on the historical losses. Those are in a significantly relevant
amount i.e. 211 losses over the last 10 years to provide robust fitting for Lognormal and Pareto curves.
The exposure rating is the lowest as it struggles to provide a strong view on the CAT component. The
experience rating is the highest as the historical data contains one significant large loss of $200m. That
loss happened in the last 10 years. However, looking at the distribution of simulated losses, a CAT loss
of $200m correspond to the 99.52552% percentile of the distribution. It means that a $200m loss
would happen once every 210 years. However, there is only 10 years of data and it is rather unlucky
to have experienced a 1 in 210 years’ event in the last 10 years. This explains why the experience
rating is the worst.
The table below summarise the return period for a given loss amount. For example, every other year
there will be a loss greater than $10m and every 6 years a loss will be greater than $20m.
Loss
Amount($) 10,000,000
Return
Period 2
(years)

20,000,000

40,000,000

100,000,000

400,000,000

1,000,000,000

6

18

72

551

2,155

Figure V-40 Return periods by loss amounts

Figure V-41 Comparison of ROL by rating method for layers 4 to 6
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5.

Credibility

The credibility theory presented in the sections above has been implemented in the rater. In this
example for layer 1 the credibility theory suggests to give 80% weight to the experience and 20%
weight to the exposure. On the layer 2, the credibility theory suggests to give 50% weight to the
experience and 50% weight to the exposure. On the layer 3, 4 and 5, the suggestion is to use 100%
weight on the exposure rating. However, as the layer 5 is a CAT layer, 100% weight is given to the
frequency severity model. If these weights were applied, the overall final technical ROL obtained
would have been 2.6% which is slightly above the overall exposure rating ROL.
Risk Weights
Experience
Exposure
FS Model

Layer 1
80%
20%
0%

Layer 2
50%
50%
0%

Layer 3
0%
100%
0%

Layer 4
0%
100%
0%

Layer 5
0%
100%
0%

Figure V-42 Example 1: Credibility for risks type losses

CAT Weights
Experience
Exposure
FS Model

Layer 1
80%
20%
0%

Layer 2
50%
50%
0%

Layer 3
0%
100%
0%

Layer 4
0%
100%
0%

Layer 5
0%
100%
0%

Figure V-43 Example 1: Credibility for CAT type losses

Figure V-44 Example 1: Credibility weighted ROL by layer

However, as explained above the exposure rating is not really good at estimating the CAT component.
Therefore, on the CAT side if 100% weight was given to the frequency severity model on layer 3, 4 and
5 then the overall technical ROL would be 4.2% which is close to what the FS model provide on its
own.
Risk Weights
Experience
Exposure
FS Model

Layer 1
80%
20%
0%

Layer 2
50%
50%
0%

Layer 3
0%
100%
0%

Layer 4
0%
100%
0%

Figure V-45 Example 2: Credibility for risks type losses
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Layer 5
0%
100%
0%

CAT Weights
Experience
Exposure
FS Model

Layer 1
80%
20%
0%

Layer 2
50%
50%
0%

Layer 3
0%
0%
100%

Layer 4
0%
0%
100%

Layer 5
0%
0%
100%

Figure V-46 Example 2: Credibility for CAT type losses

Figure V-47 Example 2: Credibility weighted ROL by layer

E.

Sensitivity tests

In this section we will look at how much the overall technical ROL vary when assumptions are changed.
On experience rating we will play on the inflation factor. On the exposure rating we will play on the
exposure curve selection and the underlying business loss ratio. On frequency severity model we will
look at the impact of the inflation rate on the fitting and as a result on the technical ROL.
Experience rating
The inflation rate has a significant impact on the final overall technical ROL as the graph below shows.
The base case chosen was 2% providing an overall technical ROL of 5.6%.
On average 1% increase in inflation increase the technical ROL by 0.36% point. Overall the sum insured
by the reinsurer across the 5 layers is $990m hence an increase by 0.36% means an additional $3.5m
that needs to be charged to the reinsured for the whole programme. If the experience rating based
on a 2% inflation assumption was chosen to derive the technical ROL then the overall premium for the
programme would have been $55.6m (5.6% * $990m). As the technical ROL has been calculated in
order to produce a 75% loss ratio, the margin would be $13.9m (0.25% * $55.6m). Hence a mistake of
1% in the inflation assumption would mean that the margin would be eroded by 25%.
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Figure V-48 Sensitivity of ROL to inflation rate

Exposure rating
The table below shows how the technical ROL would move if the exposure curve and the underlying
loss ratio assumed for the reinsured’s book were changing. The base case was an exposure curve at
c=6.5 and a loss ratio of 75%. In general, the impact of a 0.5-point change in exposure curve has a
significant impact compared to a 5%-point change in the loss ratio. From 6.5 to 6 at 75% loss ratio the
Technical ROL would increase by 1% point. If the technical ROL chosen was based on 6.5 and 75% LR
the overall premium collected by the reinsurer would have been $24.2m (2.4% * $990m). The margin
would represent $6.1m (25% * $24.2m). Hence if the wrong exposure curve was chosen i.e. a 6 instead
of 6.5 then the impact would be of $10m which means that the $6m margin would be blown up totally.
Therefore, compared to an error in the estimation of the inflation rate, an error in estimating the right
parameter for the exposure curve has a greater impact for the reinsurer.
If the exposure curve chosen was correct but the loss ratio assumed for the underlying book was 90%
instead of 75% then the impact would be in terms of premium of $3.2m that should have been charged
in addition. This means that about half of the original margin would have been eaten up. The impact
of an error in estimating the loss ratio is less important than an error in picking the exposure curve
but yet remains more important than an error in estimating the inflation rate.

LR

C
60%
65%
70%
75%
80%
85%
90%

5
9.0%
9.2%
9.3%
9.5%
9.7%
9.8%
10.0%

5.5
5.0%
5.1%
5.3%
5.4%
5.5%
5.7%
5.8%

6
3.1%
3.2%
3.3%
3.5%
3.6%
3.7%
3.8%

6.5
2.1%
2.2%
2.3%
2.4%
2.6%
2.7%
2.8%

7
1.6%
1.7%
1.8%
1.9%
2.0%
2.1%
2.1%

7.5
1.2%
1.3%
1.4%
1.5%
1.6%
1.7%
1.7%

Figure V-49 Sensitivity of ROL to LR and exposure curve parameter
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8
1.0%
1.1%
1.2%
1.2%
1.3%
1.4%
1.5%

Figure V-50 Sensitivity of ROL to exposure curve parameter

Another interesting point to note is that if the experience rating was assumed to be the right answer,
then the assumptions to use in exposure rating would rather be {5.5;80%} instead of {6.5;75%} in order
to produce similar technical ROL. In order to match the results provided by the frequency severity
model the parameters {6; 90%} or {5.5;75%} could have been used.
Frequency severity
In the frequency severity model we first assess the impact of an error in the expected claim count
beyond the $6m threshold. The current assumption based on historical losses and exposure
information is that 4.76 claims are expected. If an error of 0.5 claim was made in that estimation, it
would increase the technical ROL by roughly 0.35%. In terms of premium, if 3.9% overall technical ROL
was charged to the reinsured $38.9m of premium would have been collected. The margin built in that
amount represents $9.7m. An error of 0.35% represents $3.3m. This shows that the margin in place
can absorb such an error.

Figure V-51 Sensitivity of ROL to claim frequency
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The graph below shows the sensitivity of the frequency severity model to the inflation rate. As the
inflation rate increase some claims go above the $6m threshold and therefore the expected claim
frequency increase. As a result, this increase the technical ROL. However, there are other dynamics
such as the fitted Pareto and lognormal curves. This explains why the impact is minimal if the inflation
rate was chosen at 2% or 3%. The difference between 3% and 4% means an increase in expected
frequency of 0.15 claims. In terms of ROL the increase is of 0.6% which is significant compared to the
previous sensitivity test.

Figure V-52 Sensitivity of ROL to inflation

F.

Curve parametrisation

As explained at the beginning of this numerical application, the data collected from 22 clients has been
aggregated. This aggregation of data provided a large amount of data to work on. This helped to fit
Pareto and lognormal curves. It is then possible to use these parameters to price the cargo book of a
client with no loss history or very few losses so that it makes it impossible to make reasonable fits. If
the layer to reinsurer is beyond $6m, a Pareto curve with a shape parameter of 1.5 can be assumed.
On the same note and as explained in the sections regarding sensitivity tests, the frequency severity
model can be used to calibrate the exposure curves. In our example it shows that for cargo an
exposure curve with a parameter 6.5 is rather light and a parameter of 5.5 with an assumed underlying
loss ratio of 75% would be more suited.
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VI.

Conclusion

In a first part the Lloyds market has been presented. It is nowadays a unique market in the world with
a genuine history and a particular way of doing business. ANV operates within that market and write
in particular specialty risks such as property reinsurance. The features and terms of reinsurance
contract are various. Excess of loss reinsurance requires a high level of technical knowledge and
understanding of the underlying risks and contract terms. The aim of this work was to build a pricing
tool that can take into consideration the excess of loss contract terms, the clients’ premium, loss and
risk profile information in order to come up with a view on the profitability of the contract for ANV.
The 3 ways to price excess of loss have been embedded within the tool and they complement each
other. The pricing tool is used on a daily basis by the underwriting team and each quotes and/or bound
contract are recorded in a central database. The collection of data from multiple clients helps to
parameterise the exposure curve and frequency severity model and provides benchmarks for clients
with poor or no loss history.
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VII. Appendix
A.

Lloyd’s market glossary

Policyholders
Policyholders request insurance cover. Businesses, organisations, other insurers and individuals from
around the world want to protect themselves against risks that could affect them. They approach a
broker and explain their individual needs.
Local Brokers
Any insurance broker can access the expertise and resources of Lloyd's by making contact with an
accredited Lloyd's broker.
Lloyd's Brokers
Accredited Lloyd's brokers place risks in the Lloyd's market on behalf of clients. These brokers use
their specialist knowledge to negotiate competitive terms and conditions for clients. Currently there
are over 180 firms of brokers working at Lloyd's, many of whom specialise in particular risk categories.
Coverholders
Coverholders place the risks. They are companies authorised by a managing agent to enter into
contracts of insurance and/or issue insurance documentation, on behalf of the members of a
syndicate.
Service Companies
Service companies place risk and are approved coverholders that Lloyd’s has classified as a ‘service
company’ by reason of it being a wholly owned subsidiary of either a managing agent or its holding
company.
Syndicates
A Lloyd’s syndicate is made up of one or more members that join together as a group to accept
insurance risks. They operate on an ongoing basis, although they are technically annual ventures.
Members have the right but not an obligation to participate in syndicates for the following year.
In practice, most syndicates are usually supported by the same capital providers for several years. The
stability of the core capital providers means syndicates function like permanent insurance operations,
under the Lloyd’s umbrella.
Syndicates tailor solutions to respond to the specific risks of the client base and compete for business,
thus offering choice, flexibility and continuing innovation. Syndicates cover either all or a portion of
the risk and are staffed by underwriters, the insurance professionals on whose expertise and
judgement the market depends.
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Managing Agents
A managing agent is a company set up to manage one or more syndicates, on behalf of the members
who provide the capital. The managing agent employs the underwriting staff and handles the day-today running of a syndicate’s infrastructure and operations.
Often a single corporate group will manage and fund a syndicate, thereby aligning the management
and capital provision. For other syndicates, a number of different members – which can include both
private capital and corporate groups – not connected with the managing agent provide the capital
(these are known as ‘unaligned’ syndicates).
New syndicates are often established under a ‘turnkey’ model, where an existing managing agent
establishes and manages the syndicate on behalf of a third party capital provider. After a period of
time, the capital provider may seek regulatory approval to establish their own managing agent.
Members of Lloyd's
Members provide the capital to support the syndicates’ underwriting. Members include some of the
world’s major insurance groups and companies listed on the London Stock Exchange, as well as
individuals and limited partnerships. Corporate members provide most of the capital for the Lloyd’s
market.
The Corporation of Lloyd's
The Corporation of Lloyd’s oversees and supports the market, and promotes Lloyd’s around the world.
This includes determining the capital that members must provide to support their proposed
underwriting, working with the management of underperforming syndicates to improve performance,
undertaking financial and regulatory reporting for the Lloyd’s market, managing and developing
Lloyd’s global network of licenses and the Lloyd’s brand.
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B.

R Code
1.

Fit lognormal distribution and plot it

To fit
The function below in R, fits a lognormal distribution on two intervals.
library(fitdistrplus)
#create function call to generate the results
Fitlnorm <- function (claims,start=1,end=1e9,min=1)
{
#claims is column of claims data
#only use claims above min value before generating census fit
#census fit is to claims between start and end., with census below start and above end
claims<-claims[!is.na(claims) & claims>=min]
xmin<-start
xmax<-end
left<-claims
right<-claims
left[left<xmin]<-NA
right[right<xmin]<-xmin
right[right>=xmax]<-NA
left[left>=xmax]<-xmax
data<-data.frame(left,right)
f1n<-fitdistcens(data, "lnorm")
Output<-data.frame(mu=0,sigma=0)
Output$mu[1]<-f1n$estimate[1]
Output$sigma[1]<-f1n$estimate[2]
return (f1n)
}
To plot
The following R code plots the fitted lognormal cumulative distribution against the empirical
cumulative distribution.
fittedplot<-plot(ecdf(log(classlosses$UltimateLoss)), main=ChartName)
x <- seq(from=0, to=20, by=.1)
n <- dim(claim.banding)[1]
legend.data <- data.frame(col=rep(0,n),
legend=array("a",dim=c(n)))
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for (i in 1:n) {
fittedplot<-curve(pnorm(x, claim.fitting.out$mu[i],
claim.fitting.out$sigma[i]),add=T,col=(i+1))
legend.data$col[i] <- i+1
legend.data$legend[i] <- paste("Interval: ", format(claim.banding$low[i], scientific=FALSE,
big.mark = ",", big.interval = 3))
fittedplot<-abline (v=log(claim.banding$low[i]))
}
legend("bottomright", pch=1, col=legend.data$col, legend.data$legend)3
The output of this code is a graph as shown below that shows the lognormal fit to cargo losses in the
first interval (Red line) from [1;750000] and on the second interval (green line)[750000;200000000].

0.2

0.4

Fn(x)

0.6

0.8

1.0

Cargo

0.0

Interval: 1
Interval: 750,000
12

14

16
x
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2.

Run simulation & calculate recoveries & reinstatement premiums

The R code below is used to simulate the losses and calculate the corresponding recoveries for Risk
losses and CAT losses separately. It also calculates the corresponding reinstatement premium. The
code enables the user to choose either a Lognormal or Pareto distribution to simulate CAT losses.
The Risk losses are simulated using a Lognormal distribution.
library(VGAM)
library(MASS)
#Matrix of 15 columns, as up to 15 different layers can be priced. It records the recoveries after application of excess and limit.
RecoveriesPerSim<<-matrix(0,ncol=15,nrow=NbSims)
#AExp function applies the AAD and the AAL to calculate the final recoveries. AExp also calculates the amount of reinstatement
premium(RIP).
AExp <- function (x,AggClaimLimit,AggClaimDeductible,PerClaimLimit,RIPperc,sROL,j){
#x = vector of recoveries after application of excess and limit.
#AggClaimLimit = AAL.
#AggClaimDeductible = AAD.
#PerClaimLimit = Limit.
#PIPperc = Matrix of 5 * 15. This is the percentage at which the reinstatement happens. Up to 5 reinstatement on every layer, up to 15
layers.
#sROL = Vector of 15 rows. This is the Rate On Line for each reinsurance layer.
#j = This specifies which layer is being priced. Up to 15 layers.
cl<-pmin(pmax(x-AggClaimDeductible,0),AggClaimLimit)
RecoveriesPerSim[,j]<-cl
RIP<-rep(0,length(cl))
v1<-cl
v2<-pmax(v1-PerClaimLimit,0)
v3<-pmax(v2-PerClaimLimit,0)
v4<-pmax(v3-PerClaimLimit,0)
v5<-pmax(v4-PerClaimLimit,0)
v6<-pmax(v5-PerClaimLimit,0)
v7<-pmax(v6-PerClaimLimit,0)
v<-data.frame(v1,v2,v3,v4,v5,v6,v7)
w<-data.frame(w1=v1-v2,w2=v2-v3,w3=v3-v4,w4<-v4-v5,w5<-v5-v6,w6<-v6-v7)
for (i in 1:length(RIPperc)){RIP<-RIP+ w[,i]*RIPperc[i]*sROL}
AExp<-rep(0,3)
AExp[1]<-mean(cl)
AExp[2]<-sd(cl)
AExp[3]<-mean(RIP)
return(AExp)
}
#PerClaimToLayer applies the excess and the limit to every loss, then it calls AExp function to apply AAD and AAL and calculates RIP.
PerClaimToLayer <- function (x,PerClaimLimit,PerClaimExcess,AggClaimLimit,AggClaimDeductible,RIPperc,sROL,j){
#x = vector of simulated losses.
#AggClaimLimit = AAL.
#AggClaimDeductible = AAD.
#PerClaimLimit = Limit.
#PerClaimExcess = Excess.
#PIPperc = Matrix of 5 * 15. This is the percentage at which the reinstatement happens. Up to 5 reinstatement on every layer, up to 15
layers.
#sROL = Vector of 15 rows. This is the Rate On Line for each reinsurance layer.
#j = This specifies which layer is being priced. Up to 15 layers.
x<-colSums(pmin(pmax(x-PerClaimExcess,0),PerClaimLimit),na.rm=T)
PerClaimToLayer<-AExp(x,AggClaimLimit,AggClaimDeductible,PerClaimLimit,RIPperc,sROL,j)
return(PerClaimToLayer)
}
#SimX simulates the CAT losses using either a lognormal or pareto distribution depending on the user's decision.
SimX<-function(nclmP,m,odf,nyr,Distrib,AlphaT,Lower,Upper){
#nclmP = avg no of claims per year in the second interval.
#m
= Matrix that contains the interval information and the parameters of the lognormal distribution on both intervals.
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#odf = overdispersion factor for NegBin. Fixed at 2 to have a Poisson distribution in fact.
#nyr = number of simulation. Set to 10 000 by default.
#Distrib = Indicator. 0 means use of Lognormal distribution. 1 means use of Pareto distribution.
#AlphaT = Shape parameter for the Pareto distribution.
#Lower = Scale parameter for the Pareto distribution.
#Upper = Upper bound for the Truncated Pareto distribution.
m<-with(m,m[!lo==hi,])
global_mcP<<-nclmP
global_odf<<-odf
global_m<<-m
global_Distrib<<-Distrib
nodes <- list(year = nyr)
#Lognormal distribution to simulate losses.
if (global_Distrib<1){
mf <- expression(year = rnegbin(mu=global_mcP,theta=global_mcP/(global_odf-1)))
ms <- expression(year=rlnorm(meanlog=global_m$mu[2],sdlog=global_m$sigma[2]))
pf <- simul(nodes, mf, ms)
rm(list=grep("glob", ls(1), value=T), envir=globalenv())
sf<-severity(pf, by = "year")
return(sf$main)
}
#OR Truncated Pae=reto distribution to simulate losses.
if (global_Distrib>0){
mf <- expression(year = rnegbin(mu=global_mcP,theta=global_mcP/(global_odf-1)))
ms<- expression(year=rtruncpareto(lower=Lower,upper=Upper,shape=AlphaT))
pf <- simul(nodes, mf, ms)
rm(list=grep("glob", ls(1), value=T), envir=globalenv())
sf<-severity(pf, by = "year") #see severity claims by year
return(sf$main)
}
}
#SimXRisk simulates the risk losses using lognormal.
SimXRisk<-function(nclm,m,odf,nyr) {
#nclm = avg no of claims per year in the first interval.
#m
= Matrix that contains the interval information and the parameters of the lognormal distribution on both intervals.
#odf = overdispersion factor for NegBin. Fixed at 2 to have a Poisson distribution in fact.
#nyr = number of simulation. Set to 10 000 by default.
m<-with(m,m[!lo==hi,])
global_mc<<-nclm
global_odf<<-odf
global_m<<-m
nodes <- list(year = nyr)
mf <- expression(year = rnegbin(mu=global_mc,theta=(global_mc)/(global_odf-1)))
ms <- expression(year=rlnorm(meanlog=global_m$mu[1],sdlog=global_m$sigma[1]))
pf <- simul(nodes, mf, ms)
rm(list=grep("glob", ls(1), value=T), envir=globalenv())
sf<-severity(pf, by = "year")
return(sf$main)
}
#Record the parameters for every layer and every class into global vectors.
nclm<<-c(nclm1,nclm2,nclm3,nclm4,nclm5)
nclmP<<-c(nclmP1,nclmP2,nclmP3,nclmP4,nclmP5)
Distrib<<-c(Distrib1,Distrib2,Distrib3,Distrib4,Distrib5)
AlphaT<<-c(AlphaT1,AlphaT2,AlphaT3,AlphaT4,AlphaT5)
Lower<<-c(Lower1,Lower2,Lower3,Lower4,Lower5)
Upper<<-c(Upper1,Upper2,Upper3,Upper4,Upper5)
PerClaimLimit<<c(PerClaimLimit1,PerClaimLimit2,PerClaimLimit3,PerClaimLimit4,PerClaimLimit5,PerClaimLimit6,PerClaimLimit7,PerClaimLimit8,PerClaimLi
mit9,PerClaimLimit10,PerClaimLimit11,PerClaimLimit12,PerClaimLimit13,PerClaimLimit14,PerClaimLimit15)
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PerClaimExcess<<c(PerClaimExcess1,PerClaimExcess2,PerClaimExcess3,PerClaimExcess4,PerClaimExcess5,PerClaimExcess6,PerClaimExcess7,PerClaimExcess8
,PerClaimExcess9,PerClaimExcess10,PerClaimExcess11,PerClaimExcess12,PerClaimExcess13,PerClaimExcess14,PerClaimExcess15)
AggClaimLimit<<c(AggClaimLimit1,AggClaimLimit2,AggClaimLimit3,AggClaimLimit4,AggClaimLimit5,AggClaimLimit6,AggClaimLimit7,AggClaimLimit8,AggCl
aimLimit9,AggClaimLimit10,AggClaimLimit11,AggClaimLimit12,AggClaimLimit13,AggClaimLimit14,AggClaimLimit15)
AggClaimDeductible<<c(AggClaimDeductible1,AggClaimDeductible2,AggClaimDeductible3,AggClaimDeductible4,AggClaimDeductible5,AggClaimDeductible6,Agg
ClaimDeductible7,AggClaimDeductible8,AggClaimDeductible9,AggClaimDeductible10,AggClaimDeductible11,AggClaimDeductible12,AggCl
aimDeductible13,AggClaimDeductible14,AggClaimDeductible15)
sROL<<-as.numeric(c(sROL1,sROL2,sROL3,sROL4,sROL5,sROL6,sROL7,sROL8,sROL9,sROL10,sROL11,sROL12,sROL13,sROL14,sROL15))
RIPperc<<data.frame(RIPperc1,RIPperc2,RIPperc3,RIPperc4,RIPperc5,RIPperc6,RIPperc7,RIPperc8,RIPperc9,RIPperc10,RIPperc11,RIPperc12,RIPperc13
,RIPperc14,RIPperc15)
#Master function to simulate Risk and CAT losses for every class (up to 5) and calculate the recoveries on each layer (up to 15).
MasterSimX<-function(InclusionMatrix,LayerToPrice,NbSims){
#InclusionMatrix = 5 * 15 matrix with 0 or 1 to indicate which classes are included in which layers.
#LayerToPrice = Vector of 15 rows with 0 or 1 to indicate which layer has to be prioced.
#Final matrix to collect recoveries from the Risk losses and the CAT losses.
output<<data.frame(Recoveries=rep(0,15),sdRecoveries=rep(0,15),RIP=rep(0,15),RecoveriesRisk=rep(0,15),sdRecoveriesRisk=rep(0,15),RIPRisk=rep(0
,15))
for (j in 1:15){
if(LayerToPrice[j,1]>0){
Snclm<-nclm * InclusionMatrix[j,]
SnclmP<-nclmP * InclusionMatrix[j,]
X<-matrix(0,ncol=NbSims,nrow=2)
Y<<-matrix(0,ncol=NbSims,nrow=2)
if(as.numeric(InclusionMatrix[j,1])>0){
X1<-SimX(as.numeric(SnclmP[1]),m1m,2,NbSims,Distrib[1],AlphaT[1],Lower[1],Upper[1])
colnames(X)<-colnames(X1)
X<-rbind(X,X1,deparse.level=0)
Y1<-SimXRisk(as.numeric(Snclm[1]),as.numeric(SnclmP[1]),m1m,2,NbSims,Distrib[1],AlphaT[1],Lower[1],Upper[1])
colnames(Y)<-colnames(Y1)
Y<-rbind(Y,Y1,deparse.level=0)
X<-rbind(X,Y1,deparse.level=0)
}
if(as.numeric(InclusionMatrix[j,2])>0){
X2<-SimX(as.numeric(SnclmP[2]),m2m,2,NbSims,Distrib[2],AlphaT[2],Lower[2],Upper[2])
colnames(X)<-colnames(X2)
X<-rbind(X,X2,deparse.level=0)
Y2<-SimXRisk(as.numeric(Snclm[2]),m2m,2,NbSims)
colnames(Y)<-colnames(Y2)
Y<-rbind(Y,Y2,deparse.level=0)
X<-rbind(X,Y2,deparse.level=0)
}
if(as.numeric(InclusionMatrix[j,3])>0){
X3<-SimX(as.numeric(SnclmP[3]),m3m,2,NbSims,Distrib[3],AlphaT[3],Lower[3],Upper[3])
colnames(X)<-colnames(X3)
X<-rbind(X,X3,deparse.level=0)
Y3<-SimXRisk(as.numeric(Snclm[3]),m3m,2,NbSims)
colnames(Y)<-colnames(Y3)
Y<-rbind(Y,Y3,deparse.level=0)
X<-rbind(X,Y3,deparse.level=0)
}
if(as.numeric(InclusionMatrix[j,4])>0){
X4<-SimX(as.numeric(SnclmP[4]),m4m,2,NbSims,Distrib[4],AlphaT[4],Lower[4],Upper[4])
colnames(X)<-colnames(X4)
X<-rbind(X,X4,deparse.level=0)
Y4<-SimXRisk(as.numeric(Snclm[4]),m4m,2,NbSims)
colnames(Y)<-colnames(Y4)
Y<-rbind(Y,Y4,deparse.level=0)
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X<-rbind(X,Y4,deparse.level=0)
}
if(as.numeric(InclusionMatrix[j,5])>0){
X5<-SimX(as.numeric(SnclmP[5]),m5m,2,NbSims,Distrib[5],AlphaT[5],Lower[5],Upper[5])
colnames(X)<-colnames(X5)
X<-rbind(X,X5,deparse.level=0)
Y5<-SimXRisk(as.numeric(Snclm[5]),m5m,2,NbSims)
colnames(Y)<-colnames(Y5)
Y<-rbind(Y,Y5,deparse.level=0)
X<-rbind(X,Y5,deparse.level=0)
}
output[j,1:3]<-PerClaimToLayer(X,PerClaimLimit[j],PerClaimExcess[j],AggClaimLimit[j],AggClaimDeductible[j],RIPperc[,j],sROL[j],j)
output[j,4:6]<-PerClaimToLayer(Y,PerClaimLimit[j],PerClaimExcess[j],AggClaimLimit[j],AggClaimDeductible[j],RIPperc[,j],sROL[j],j)
}
}
return (output)
}
out<-MasterSimX(InclusionMatrix,LayerToPrice,NbSims)
Recoveries<-t(out$Recoveries)
RIP<-t(out$RIP)
RecoveriesRisk<-t(out$RecoveriesRisk)
RIPRisk<-t(out$RIPRisk)

3.

Plot survival distributions and other

#Plot lognormal and pareto on same graphs
PL<-par(mfrow = c(1, 2), cex = 0.7)
z<-classlosses$UltimateLoss
g<-Ecdf(z,what="1-F",xlim=c(0,Lower[1]),xlab="Loss Amount",ylab="Survival Probability",main="Fitting of lognormal to
empirical distribution")
l<-rlnorm(100000,meanlog=m1m$mu[1],sdlog=m1m$sigma[1])
g<-Ecdf(l,what="1-F",add=T,col="blue")
legend.data2 <- data.frame(col=rep(0,2),legend=array("a",dim=c(2)))
legend.data2$col[2] <-"blue"
legend.data2$legend[2]<-"fitted lognormal"
legend.data2$col[1] <-"black"
legend.data2$legend[1]<-"empirical distribution"
legend("topright", pch=1, col=legend.data2$col, legend.data2$legend)
#g<-abline(v=Lower[1])
x<-z[z>Lower[1]]
f<-Ecdf(x,what="1-F",xlim=c(Lower[1],Upper[1]),xlab="Loss Amount",ylab="Survival Probability",main="Fitting of pareto to
empirical distribution")
y<-rtruncpareto(100000,lower=Lower[1],upper=Upper[1],shape=AlphaT[1])
f<-Ecdf(y,what="1-F",add=T,col="red")
legend.data2 <- data.frame(col=rep(0,2),legend=array("a",dim=c(2)))
legend.data2$col[2] <-"red"
legend.data2$legend[2]<-"fitted truncated pareto"
legend.data2$col[1] <-"black"
legend.data2$legend[1]<-"empirical distribution"
legend("topright", pch=1, col=legend.data2$col, legend.data2$legend)
#Comparing lognormal vs pareto at the tail
z<-classlosses$UltimateLoss
PL<-par(mfrow = c(1, 1), cex = 0.7)
x<-z[z>Lower[1]]
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f<-Ecdf(x,what="1-F",ylim=c(0,0.05),xlim=c(Lower[1],Upper[1]),xlab="Loss Amount",ylab="Survival
Probability",main="Comparison of distributions at the tail")
y=rtruncpareto(100000,lower=Lower[1],upper=Upper[1],shape=AlphaT[1])
f<-Ecdf(y,what="1-F",add=T,col="red")
p=rpareto(100000,scale=Lower[1],shape=AlphaT[1])
f<-Ecdf(p,what="1-F",add=T,col="green")
l<-rlnorm(100000,meanlog=m1m$mu[1],sdlog=m1m$sigma[1])
f<-Ecdf(l[l>Lower[1]],what="1-F",add=T,col="blue")
legend.data2 <- data.frame(col=rep(0,4),legend=array("a",dim=c(4)))
legend.data2$col[2] <-"red"
legend.data2$legend[2]<-"fitted truncated pareto"
legend.data2$col[1] <-"black"
legend.data2$legend[1]<-"empirical distribution"
legend.data2$col[3] <-"blue"
legend.data2$legend[3]<-"fitted lognormal"
legend.data2$col[4] <-"green"
legend.data2$legend[4]<-"fitted pareto"
legend("topright", pch=1, col=legend.data2$col, legend.data2$legend)
#Plot mean excess, hill, QQ plot, empirical
PL<-par(mfrow = c(2, 2), cex = 0.7)
z<-classlosses$UltimateLoss
Ecdf(z,what="1-F",main="Empirical distribution")
mePlot(z)
qqparetoPlot(z[z>Lower[1]],xi=AlphaT[1])
hillPlot(z,start=5,ci=0)

C.

The Rating Engine
1.

Intro and assumptions

On the front sheet of the rater, the user specifies key policy information. He then has to choose which
line of business to price. In this case Cargo. A series of assumptions has then to be made such as the
loss ratio of the underlying business. In this example 75%. This assumption is used in the exposure
rating. The loss ratios are based on the Lloyd’s market benchmark. If the book being priced has a
difference performance the benchmark can be overwritten.
The exposure rating of business is an assumption regarding the propensity for the book to experience
large losses. It can be better than average, average or worse than average. This determines the
parameter of the exposure curve to be used. For Cargo, an average rating means that an exposure
curve with a parameter c=6.5 would be used. For a better than average business the parameter would
be 7 and for a worse than average 6.
The loss ratio rating of the business specifies the level of the loss ratio. There are 3 levels. LMX referring
to the Lloyd’s market and which is the highest loss ratio. Global is 5% point lower than the benchmark.
It corresponds to clients that have a global presence hence benefitting from a geographical
diversification. Foreign domestic correspond to local carriers. As these clients are local, they know
very well the market they operate in, hence their risk selection is of better quality as they sit closer to
the risks. The loss ratio for foreign domestic clients is 10% point lower than the benchmark.
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The maximum line size has then to be specified and the income for each year is recorded.

Figure VII-1 Rating tool, Income information
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2.

Layers

Up to 15 layers can be priced. A limit, and excess point is specified for each layer. An AAD can also be
added on each layer. The AAL is calculated based on the number of reinstatements. On the first layer
the AAL is $40m, this means that there are 3 reinstatements. Each layer can cover up to 5 different
classes. In this example it only covers the Cargo book.

Figure VII-2 Rating tool, Layers information

3.

Claims On Levelling

Claims information is recorded in the first 3 columns. If a claim is closed, then no development factor
is applied to it. An inflation factor of 2% is applied. The ultimate loss columns show the on levelled
claims. The last column is used to flag the claims that are CAT.

Figure VII-3 Rating tool, Claims information
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4.

Curve fitting

The screenshot below shows that for Cargo the threshold for Risk vs. CAT distribution has been set at
$10m. On average, adjusted for the exposure, there are 30.09 claims below $10m and 2.3 claims above
$10m. By clicking the relevant button, a Lognormal distribution is fitted to claims below $10m and
above $10m. A Pareto curve is also fitted on claims above $10m. For the Risk type losses, the
Lognormal is chosen and for the CAT type losses the Pareto is chosen. 10000 simulations are run in R.
The process starts by clicking the button “Run Simulation”.

Figure VII-4 Rating tool, Curve fitting
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5.

Credibility weighting between methods

In the example below the risk and cat results are presented in the rater for each layer and for each
method. For the risk component the result is shown in terms of recoveries. For the CAT component
the result is shown in terms of LOL. Weightings are then chosen for the risk & the CAT component.
The credibility theory is applied in the background in order to give the modeller a suggestion in terms
of weights to apply to experience rating vs. exposure rating. In the example below it shows 70% to the
experience vs. 30% to the exposure.

Figure VII-5 Rating tool, experience, exposure and frequency severity rating results
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6.

Results

Once the credibility weighting for risk & CAT element between the different methods is done, the
reinstatement count on each layer is chosen together with the percentage at which the price is
reinstated. On the example below the first layer has 3 reinstatements at 100% each. The initial LOL
was 27.6%. The reinstatements brought it downs to 21.6%. If the market price for that layer was 35%
ROL and that 10% brokerage fee was applied, then the final loss ratio to the reinsurer would be 68.7%.
If the target loss ratio for the business was 74.7% then it represents a favourable deviation from the
business plan of 8.8%. Overall the programme loss ratio is at 31.5%, even if money is lost on the 2 nd
layer the profitability on layer 4 & 5 provides an overall return to the reinsurer for the whole
programme that is 136.8% better than the business plan.

Figure VII-6 Rating tool, reinstatements and final ROL
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